Finite volume effects
for
masses and decay constants

Gilberto Colangelo

IIIIIIIIIII

Benasque, 10.8.04

oooooooooooooooo



Outline

Introduction: CHPT in finite volume
LUscher’s formula for masses
Asymptotic formula for decay constants
Numerics

© o o o @

Summary

Work done in collaboration with S. Durr, A. Fuhrer and C. Haefeli

o |

G. Colangelo — Bern Finite volume effects for masses and decay constants — p. 2



Introduction

-

CHPT: expansion in m,, /A and p/A

In finite volume the momentum Is quantized: p= an
Condition of applicability of CHPT:

2
mg < A and % <A

AN~drFE, = 2LF,>1

Once this condition is respected we still have two different
physical situations

: 1
LMz 51 = e-tegime My~ -5 ~ O(€?)

. 1
LM_>1 = p—regime M.~ —~O0
- > p—reg 7 (p) o
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p— Or e—regime?

E

wo alternatives:
# Chiral imit on the lattice = e¢—regime

(unless one can simulate enormous volumes)

= Rely on CHPT to relate unphysical observables to
physical quantities (cf. M. Laine’s talk)

® M, > ME™S: choose L > 1/M,, =  p—regime
(e.g. M =300MeV, L =2fm, ML ~ 3)

= Rely on CHPT to make the chiral and the large
volume extrapolation
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p-regime

-

Calculational rule in CHPT for isotropic finite box with
periodic boundary conditions:

# the Lagrangian is the same as In infinite volume
# the propagators must be made periodic:

GL(Z,t) =) Gool@ + 1L, 1)
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p-regime

-

Calculational rule in CHPT for isotropic finite box with
periodic boundary conditions:

-

Examples: Gasser and Leutwyler (88)
_ | _
Mn(L) = Mz |1+ 5—E01(N) +O(€7)
2Ny _
_ Ny 2
Fr(D) = Fr|1— ZLea)+0)
with
A= ML, &= (My/4nFy)’
T 1 22242
N =3 [ de e N SN G (@ L)
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Finite volume effects In the p-regime

-

Foundations: Gasser and Leutwyler (87)

-

guenched CHPT: Sharpe, Bernard and Golterman (90’s)

Recent applications:

N two—pion states Lin, Martinelli, Pallante, Sachrajda and Villadoro (03)
® [ and By Becirevic and Villadoro (03)
® m, QCDSF (03)
® My, UN and JgA Beane and Savage (03-04)
9 fB and Bp Arndt and Lin (04)
9o My Koma and Koma (04)
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Finite volume effects In the p-regime

-

Foundations: Gasser and Leutwyler (87)

-

guenched CHPT: Sharpe, Bernard and Golterman (90’s)

Talks at Lattice 2004:

o M., F. and <T2>V R. Lewis
® Luscher Formula for m,, Y. Koma
® my and JgA M. Goeckeler
® fp and Bp D. Lin
# Weak matrix elements in the e-regime H. Wittig
#® Plenary GC
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Masses 1n finite volume

-.nay
® s

Loop-diagram
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Masses 1n finite volume

-----

Loop diagram with
periodic
boundary conditions

.
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Masses 1n finite volume

Loop diagram with
periodic
boundary conditions

.
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Masses 1n finite volume

5 M
? Y

Loop diagram with
periodic
boundary conditions

.

G. Colangelo — Bern

This diagram exists only
for

L # o0

Its effect is of the order
exp |[—mL]
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L_Uscher’s Formula

gelo — Bern

‘ = [deT(p,t,—L,—p)GL(C)

1

Gr(l) =) Goo(O)e™™  Goo(l) ~ (2 + m?

My~ Mo = [T ~0p) (Go(0) - G (0]

i£0



L_Uscher’s Formula

fLeading correction for mL > 1. (LUscher 86)T

My, — My = C/ dy e V™IV LE () + .

where F'(v) is the scattering amplitude between the red (m)
and blue (M) particle, and C' a constant that depends from
L, mand M
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L_Uscher’s Formula

fLeading correction for mL > 1. (LUscher 86)T
My — My = 0/ dy e V™YL E(y) 4 ..

} 1 .

=
Integration path
3

B
|



L_Uscher’s Formula

fLeading correction for mL > 1. (LUscher 86)T

My, — My = C/ dy e V™IV LE () + .

The formula expresses the corrections as an integral over
a (analytically continued) physical amplitude
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G. Colangelo — Bern Finite volume effects for masses and decay constants — p. 9



L_Uscher’s Formula

fLeading correction for mL > 1. (LUscher 86)T

My, — My = C/ dy e V™IV LE () + .

The formula expresses the corrections as an integral over
a (analytically continued) physical amplitude

What matters for the behaviour of the corrections is not the
mass of the particle itself, but rather the mass of the lightest
particle to which it is coupled
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L_Uscher’s Formula

fLeading correction for mL > 1. (LUscher 86)T

My, — My = 0/ dy e V™IV LE () + .

The formula expresses the corrections as an integral over
a (analytically continued) physical amplitude

What matters for the behaviour of the corrections is not the

mass of the particle itself, but rather the mass of the lightest
particle to which it is coupled

e.g. both the corrections for the pion as well as those for the
proton mass depend exponentially on M L J

.
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Cuts and poles In the scattering amplitude

fAny scattering amplitude must have a cut at T
s,u=(M+m)?=>v==:%=4m

! v

2
Cut at s=(M+m)




Cuts and poles In the scattering amplitude
fIn addition it may have poles, e.g. at T
ssu=M?=v= ‘Zﬁ:q:%

! v

2 2
Pole at =M Cut at s=(M+m)

\J\

Poles on the Ihs of the imaginary axis generate an extra term in the Llscher’s formula (cf.

the formula for the nucleon mass)

|
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Cuts and poles In the scattering amplitude

fIn addition it may have poles, or at
S,u:M§$V:ﬁ:$%+AM(1+W) AM =My — M

! v
2
Cut at s=(M+m)
e
m
Poleat =M ;
oleadl S~ X
\ |

Poles on the rhs of the imaginary axis do not generate an extra term in the Lischer’s formula

(cf. D. Lin’s talk on heavy mesons)
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Corrections for M.

-

7w scattering amplitude with forward kinematics

_ M?
Frn(v) = T'7010,2Mr (My + v), 2Mr (M7 — v)] = =2 +0(p")

o |
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Corrections for M.

0.1

0.01

0.001

O.OOOJO

GC and S. Dirr 03
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L_uscher’s Formula or CHPT?
L -

—3 >0 . _ 2 2 v
A‘]\47{/Lijscher — 167‘(‘2)\ /_Ogy F(ly)e Mity™ L _I_O(e ML)
1
AMY cppr = 1591()\) +0(&?)
N =S Gu(Z + AL _ oy Al gy
gl( )_Z Oo(x_l_n 7t) —7=0 Z ‘ﬁ‘)\ 1(|n‘ )

where m(|7|) Is the multiplicity of a vector of length || In
3-dimensional discretized space
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L_uscher’s Formula or CHPT?

o N

—3 > X _ 21 02 _
A‘]\47{/Lijscher — 167‘(‘2)\ /_Ogy F(ly)e Maty L_l_O(e ML)

AMEcppr = 2591()\) +0(&%)

The two formulas give the leading term in two different
expansions
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L_uscher’s Formula or CHPT?

—3 >0 . _ 2 2 v
A‘]\47{/Lijscher — 167‘(‘2)\ /_Ogy F(ly)e Maty L_l_O(e ML)
1
AMY cppr = 1591()\)+O(§2)
1 2 3 4 5 6 7 ... n
2 | e e e e e e e o o o
4 | e e e e e e e e o o
6 | e e e e o e e o o o
8 | e e e o o e e o o o
. Lt

gelo — Bern



-

L_uscher’s Formula or CHPT?

L
AMT(‘ Lischer

L
AMT(‘ CHPT

gelo — Bern

162N J_

1 y

1591()\) +O(&7)
1 2 3 4 5 6 7 ... n
(v v v s v v s s v e
.......... -
.......... o
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L_uscher’s Formula or CHPT?
-

_3 > 2 2
MM = 5 [ty Fl) 0
7 Luscher 167’(‘2)\ o
1
AMEcppr = 1591()\)+O(§2)
1 2 3 4 5 6 7 ... n
I N —
Asymptotic 4 \ o] ¢ o o e e o o o o
fomula g | | & o o o o o o o o
8 o/l ¢ o o o o o o o o
......... e loop
ol ¢ o o o o o o o o CHPT




Extension of the Luscher’s Formula

fOne-loop CHPT corrections T
Z Goo(T + 1L, 1) = Z A7) | \)
|t £=0 )\
i£0 7i[=1

oooooooooooooooo



Extension of the Luscher’s Formula

-

One-loop CHPT corrections

ZG az+nLt R Z ﬁ

-

1 (I71] A)

>/31

Analogously one can extend the Luscher’s Formula so that
it contains contributions from all |77| of a single propagator:

1 > 0 >0 =2 2 2
Mﬂ.’L B MW _ Z m(‘nD / dyF(Zy)e—\/’n (MWer )L

7S

The extension does not provide all exponentially subleading
terms!
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-

Extension of the Luscher’s Formula

gelo — Bern

0 O AN

1 2 3 4 5 6 7 ... n
>
(v o o o o o o o o o
(e (o o & & o & =+ = Partial
(e (0 o o o o o o o Resummation
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Nonleading exp. terms in M,

0.1

0.01

0.001

0.000]0
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Nonleading exp. terms in M,

0.1_ N T | | I -
: TR LO a” n’s :
i o SIS e NLO dl n's 7
NNLO Al n's| 7
0.01 _
z B i
m - —
0.001
0.000
]0.1 0.2 0.3 0.4
M_(GeV)
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Extension to decay constants

B o
‘ = AMO(/OO dy e VML) +
o

F(v) < (nn|T|rm)

= AFO(/ dy e VMEHCLN (jy) 4 ..
0. @)

N(v) & (0|A,|rmm) ~ A(T — 3717)
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Extension to decay constants

B o
‘ = AMO(/OO dy e VLR Gy) 4
o

F(v) < (nn|T|rm)

W = AFO(/ dy e VMEHCLN (jy) 4 ..
N(v) & (0|A,|rmm) ~ A(T — 3717)
The (0|4, |mmm) amplitude must be subtracted:

N(v) = ((27) =07 A.(0)]0) — iQu]\];g]i(VQL

GC and C. Haefeli 04
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Extension to decay constants

N N o
W = AFO(/ dy e VMY LN (y) + ..
©.@)

N(v) & (0|A,|rmm) ~ A(T — 37v4)
The (0|4, |mmm) amplitude must be subtracted:

V@) = (@00t A O)0) - Qo

GC and C. Haefeli 04

.........
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Ward identity In finite volume

-

Ward identity

-

(0| AL (0)[7"(p)) = i6" Frepy — (O|P*(0)|7"(p)) = i6" G

EM? = Gy

The identity Is valid also in finite Volume

Ro = Rp + 2Ry (RX = AX#/XW)

o |
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Ward identity In finite volume

-

Ward identity

-

(0| AL (0)[7"(p)) = i6" Frepy — (O|P*(0)|7"(p)) = i6" G

EM? = Gy

The identity Is valid also in finite Volume
Ro = Rp + 2Ry (RX = AX#/XW)

and must be satisfied by the asymptotic formulae :

> _ 2 2 . . FT(' .
C / dye VI | Na(iy) — Np(iy) + - F (Zy)] =0

o |
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Ward identity In finite volume

-

Ward identity

-

(0| AL (0)[7"(p)) = i6" Frepy — (O|P*(0)|7"(p)) = i6" G

Fr M2 = mGy
The identity Is valid also in finite Volume
Ro = Rp + 2Ry (RX = AX#/XW)

and must be satisfied by the asymptotic formulae —in
particular for the integrands:

Ng(y) — NF(V) + %F(V) =0

LThis IS a Ward identity for 4-point functions! J
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Corrections for F-

0.1

O.OO:IO

GC and C. Haefeli 04
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Other applications

Quantity | Amplitude Theory status
MK A(ﬂ'K — 7TK) O(p6) (Bijnens et al.)
FK A(KM) O(pG) (Bijnens et al.)
]\477 A(?Tn — 7T77) O(p4) (Bernard et al.)
Iy, A(ma) ?

MN A(?TN — 7TN) O(p4) various Authors
Mp A(rB - nB) | ?

Fp A(Bi4) ?

Work in progress: GC, S. Durr, C. Haefeli, A. Fuhrer
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Corrections for M.

0.1 <

T T T T

----- LOdln's
----- NLO Al n's 7
NNLO al n's

T
.

0.01

0.001

O.OOO]0
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Corrections for M

B T T T | T ]
i —- NLO, n=1 i
— NLO, dln
0.01 -
0001  ~~_ |
N C \\ n
S B =~ ~ S ]
nd = ~J ]
- \ -~
\\
B S~ ~ L =3fm N
~
0.0001 =X —
L ~ -
L ~ 1
| DN |
| ~ _
~
- § N
~
- q i
~
| N _
N
N
| | | S
1e-05 ' ' ' '
0.1 0.2 0.3 0.4 0.5

M_(GeV)

work in progress, G.C. and C. Haefeli
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Corrections for M,

001 T T T | T

05

Tt
work in progress, G.C. and C. Haefeli
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Corrections for F.

0.1r

O.OOZIO

G.C. and C. Haefeli 04
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Corrections for Fy

Ol —- NLO
.= LOdln
— NLOalIn

O.OOZIO

LO agrees with Becirevic and Villadoro

work in progress, GC and C. Haefeli
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Summary

-

For large volumes (2L F; > 1), finite—volume effects can
be calculated analytically within CHPT

several one-loop CHPT calculations in the p—regime
(ML > 1) have appeared in the recent literature

the combined use of CHPT and asymptotic formulae a
la LUscher offers the most efficient way to get to higher
orders in CHPT

| have presented numerical evaluations of these finite
volume corrections for all pseudoscalar masses and
decay constants, as well as for the nucleon (after the
talk of THemmert 10 days ago)

|
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Summary

o |

# For large volumes (2L F; > 1), finite—volume effects can
be calculated analytically within CHPT

# several one-loop CHPT calculations in the p—regime
(ML > 1) have appeared in the recent literature

# the combined use of CHPT and asymptotic formulae a
la LUscher offers the most efficient way to get to higher
orders in CHPT

# | have presented numerical evaluations of these finite
volume corrections for all pseudoscalar masses and
decay constants, as well as for the nucleon (after the
talk of THemmert 10 days ago)

# the extrapolation L — oo can be made analytically!

o |
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A remark/proposal
- -

# When lattice calculation will become precise enough
one will be able to use these effects to get information
on the infinite-volume amplitudes

# From the corrections to the pion mass, e.g. one will be
able to extract interesting information onthe I =0
amplitude in an unphysical region — or, in other words,
on the relevant low-energy constants

o |
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The scattering lengths

25 —

15 —

0 0.05 0.1 0.15 0.2 0.25 0.3
M_(GeV)
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Integrands for the pion mass

2fm, 100 MeV

—0.6 1

-0.7 100 200 300 400 500 600

y(MeV)

G. Colangelo — Bern

4fm, 100 MeV

-0.02
-0.04
~0.06
-0.08

01]
012

~0.14

~0.16 | -

~0.18

50

100

150 200 250 300

y(MeV)
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Integrands for the pion mass

2fm, 300 MeV

4fm, 300 MeV

—-0.005 *
—0.01{
—-0.015 *
002 |
—-0.025 *

—0.03

-0.7 100 200 300 400 500 600 -0.035 50 100 150 200 250 300

y(MeV) y(MeV)
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