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CPT, CNRS-Luminy and IFAE-ICREA

Weak Matrix Elements (BK, Q8, ε’/ε, etc.)
-- which of these quantities will ever be calculated reliably?

“Matching Light Quarks to Hadrons”





in Large Nc QCD

No 1/Q2 term in OPE 
1st Weinberg Sum Rule

No 1/Q4 term in OPE

2nd Weinberg Sum Rule

In Large-Nc QCD, for a finite number of narrow states, one can also write other sum rules 
which relate Hadronic Masses and Couplings to Local Order Parameters of the OPE
and to Non-Local Order Parameters of the Chiral Lagrangian:

Matching 1/Q6 term to OPE

Matching to O(p4) in ChPT



The Effective Chiral Lagrangian

Two Crucial Observations

The low-energy constants of the Strong Lagrangian, like F0
2 and L10,

are the coefficients of the Taylor Expansion of QCD Green’s Functions.

The low-energy constants of the ElectroWeak Lagrangian, like C and g8, 
are Integrals of QCD Green’s Functions.



Green’s Functions              are Meromorphic Functions of :

Large-NC QCD

then, matching, requires: 

Here

Therefore

If  the OPE in QCD gives

Minimal Hadronic Approximation



The Real World versus Large-Nc (MHA)

Miminimal Hadronic Approximation



The Large–Nc Minimal Hadronic Approximation

versus other Analytic Approaches
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Large-Nc Framework

Bardeen et al ‘87

Resonance Dominance

Ecker et al ‘89



A Simple  Example of “short-distance” to “long-distance” Matching

In the MHA to Large-Nc QCD:

In the Standard Model:



Integrating out the Heavy Z�Field
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Methodology

1. Identify the underlying QCD Green’s Functions.

2. Work out the leading OPE behavior of the relevant Green’s Functions
and their leading ChPT behavior. 

3. Introduce the Minimal Hadronic Approximation (MHA) to Large-Nc QCD
for the relevant Green’s Functions ( )

4. The MHA is, “in principle”, improvable: more ChPT constraints
and  more OPE constraints.



.. .
>

Large-Nc Toy Model (Shifman, Golterman et al ’01)

Spectral Function:

Adler Function:
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The BK–Factor of K0 − K̄0 Mixing

L ⇒ · · ·C∆S=2(µ) (s̄LγµdL)(s̄LγµdL)(x)︸ ︷︷ ︸
Q∆S=2(x)

• Definition: < K̄0|Q∆S=2(0)|K0 >≡ 4
3f2

KM2
KBK(µ)

• To lowest order in the chiral expansion, O(p2):

Q∆S=2(x) ⇒ −F4
0
4
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[
λ32(D

µ
U
†
)Uλ32(DµU

†
)U

]
︸ ︷︷ ︸

2
F2
0

∂µK0∂µK0+···−tr
[
λ32r

µ
λ32rµ

]
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• Definition of the invariant B̂K–factor, in the chiral limit

B̂K =
3

4
C∆S=2(µ) × g∆S=2(µ)

• Underlying QCD Green’s Function
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MS

Peris, de Rafael ’00; Catà, Peris ‘03



ChPT

OPE

normalized at

Catà, Peris ‘03

Reproduces, within errors, (Donoghue, Golowich, Holstein ’82)

Correlated to                    Enhancement (Pich, de Rafael ’96)



Matrix Elements of ElectroWeak Penguin-like Operators

Relation to for 

with

Relation for

Donoghue, Golowich ’00; Knecht, Peris, de Rafael ‘98, ’01; …



+ 7.8 ± 3.0- 7.1 ± 1.5Zyablyuk

HVNDRHVNDR

1.3 ± 0.8

2.5 ± 0.8

2.15 ±0.10 
±0.22

0.37 ± 0.08

0.67 ± 0.20

0.59 ±0.02 
±0.06

1.4 ± 0.30.21 ± 0.05Narison
- 12 +7

-11- 4 ± 2Rojo-Latorre

1.5 ± 0.30.22 ± 0.05- 6.2 ± 3.2- 4.45 ± 0.7Cirigliano et al.

1.2 ± 0.80.24 ± 0.03-12.4 ±9.0- 3.2 ± 2.0Bijnens et al.

+7 ± 4- 6.8 ± 2.1Ioffe et al.

2.00 ±0.09 
±0.20

0.12 ±0.00 
±0.01

+11.7 ±1.1 
±2.5

- 7.9 ±0.5 
±1.6

MHA+V’ new!
(preliminary)

+8.7 ± 2.4- 6.4 ± 1.6Davier et al.

+7.5 ± 1.3- 6.0 ± 0.6Opal

+11 ± 1- 7.7 ± 0.8Aleph

2.3 ± 0.70.11 ± 0.03+16.2 ± 5- 9.5 ± 3MHA

M8M7 

Comparison with other Phenomenological Determinations



1.05 ±0.100.24 ± 0.02SPQCDR
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2.00 ±0.09 
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0.12 ± 0.00 
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MHA+V’ (preliminary!)
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2.3 ± 0.70.11 ± 0.03MHA

M8M7 

Comparison with Lattice Results



Linear Constraint

Slope Constraint

Spectral Functions



Input Quantities

(Statistical errors only!)



Bosonization of QCD–Penguins

to O(N2
c ) and O(N2
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• Notice that unfactorized
factorized ∼ M2

R

16π2F 2
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Implications for ε′/ε

ε′
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Conclusions

Very Good Stability of the MHA results when a V’ is added !

Physics related to the LR-Correlator (Q7 and Q8):
Problems when comparing MHA with Certain Phenomenological
Determinations and with Most of the Lattice Results

BK in the Chiral Limit:
Good agreement among Analytic Approaches 
Good prospects for an O(p4) Calculation

The Large-Nc approach has shown that:
Unfactorized contributions (four-quark operators) are Large
Slow progress towards “convincing”

Good prospects for Rare Kaon Decay Physics
within the Large-Nc Framework



The Onset of the pQCD Continuum

The Vector Spectral Function:

Duality constraint from the requirement that the Adler function:

has no 1/Q2 term in the OPE (in the chiral limit)


