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Abstract

This paper studies the numerical approximation of the HUM boundary control for the
2-D wave equation. It is known that the discrete and semi-discrete models obtained by dis-
cretizing the wave equation with the classical finite difference or finite element method do not
provide convergent sequences of approximations to the boundary control of the continuous
wave equation, as the mesh size goes to zero (see [9] and [22]). Here we introduce a new
semi-discrete model based on the discretization of the wave equation using a mixed finite
element method with two different basis functions for the position and velocity. This allows
us to construct a convergent sequence of approximations to the HUM control, as the space
discretization parameter h tends to zero.

We also introduce a fully-discrete system, obtained from our semi-discrete scheme, that
is likely to provide a convergent sequence of discrete approximations as both h and At, the
time discretization parameter, go to zero. We illustrate this fact with several numerical

experiments.
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1 Introduction

Let us consider Q = (0,1) x (0,1) C R? with boundary I' = Ty UT'; divided as follows

{roz{(x,()):ogxg1}u{(o,y):ogyg1}, 1)

M ={(z,1) : 0<z<1}U{(l,y) : 0<y<1}.

We are concerned with the following exact boundary controllability property for the wave equa-
tion in Q: given T > 2v/2 and (u°,u') € L?(Q) x H~'(Q) there exists a control function
(v(t,y), z(t,z)) € [L2((0,T) x (0,1))]? such that the solution of the equation

u' —Au=0 for (z,y) € Q, t >0,
u(t,z,y) =0 for (z,y) € Iy, t >0,
u(t,1,y) =v(t,y) for y € (0,1), t >0, (1.2)
u(t,z,1) = 2(t, x) for x € (0,1), t >0, '
u(0,z,y) = u’(z,y) for (x,y) € Q,
W' (0,2,y) = u'(z,y) for (x,y) € Q,
satisfies
u(T,-) =4/ (T,-) = 0. (1.3)

By ’ we denote the time derivative.

The Hilbert Uniqueness Method (HUM) introduced by J.-L. Lions offered a way to solve this
and other multi-dimensional similar problems (see [12]).

In the last years many works have dealt with the numerical approximations of the control
problem (1.2)-(1.3) using the HUM approach. For instance, in [6], [8] and [9], a numerical
algorithm based on the finite difference approximation of (1.2) was described. However, in these
articles a bad behavior of the approximative controls was observed.

Let us briefly explain this fact. When we are dealing with the exact controllability problem,
a uniform time 7" > 0 for the control of all solutions is required. This time 7" depends, roughly,
on the size of the domain and the velocity of propagation of waves. Note that, for the continuous



wave equation (1.2), the velocity of propagation of all waves is one and the bound of the minimal
controllability time, T' > 2v/2, is exactly the minimum time that requires a wave, starting at
any x € €1 in any direction, to arrive to the controllability zone.

On the other hand, in general, any semi-discrete dynamics generates spurious high-frequency
oscillations that do not exist at the continuous level. Moreover, a numerical dispersion phenom-
enon appears and the velocity of propagation of some high frequency numerical waves may
possibly converge to zero when the mesh size h does. In this case, the controllability property
for the semidiscrete system will not be uniform, as h — 0, for a fixed time T and, consequently,
there will be initial data (even very regular ones) for which the corresponding controls of the
semi-discrete model will diverge, in the L?-norm, as h tends to zero. This is the case when
the semi-discrete model is obtained by discretizing the wave equation with the classical finite
differences or finite element method (see [10] for a detailed analysis of the 1-D case and [22] for
the 2-D case, in the context of the dual observability problem).

From the numerical point of view, several techniques have been proposed as possible cures of
the high frequency spurious oscillations. For example, in [9] a Tychonoff regularization procedure
was successfully implemented in several experiments. Roughly speaking, this method introduces
an additional control, tending to zero with the mesh size, but acting on the interior of the domain.
Other proposed numerical techniques are multi-grid or mixed finite element methods (see [7]).
To our knowledge, no proof of convergence has been given for any of these methods, as h — 0,
so far.

In this paper we construct, for any fixed T' > 2v/3, a convergent sequence (as h — 0) of
semi-discrete approximations of the HUM control (v, z) of (1.2), for any initial data. The main
idea is to introduce a new space discretization scheme for the wave equation (1.2), based on
a mized finite element method, in which different base functions for the position u and the
velocity u' are considered. More precisely, while the classical first order splines are used for
the former, discontinuous elements approximate the latter. This new scheme still has spurious
high-frequency oscillations but, in this case, the numerical dispersion makes them to have larger
velocity of propagation as h — 0. We prove that this fast numerical waves are not an obstacle
to the uniform controllability of the semi-dicrete scheme.

The semi-discrete approximations (vp, 21 )0 of the HUM control (v, z) of (1.2) are obtained,
for any initial data, by minimizing the HUM functional of the associated semi-discrete adjoint
system. The main result of the paper is Theorem 6.2 which says, roughly, that if a weakly con-
vergent sequence of approximations of the continuous initial data to be controlled is considered,
then (vp, zn)n>0 converges weakly to (v, z). This result is based on a uniform (in h) observability
inequality for the corresponding adjoint system (see Theorem 4.1 below).

The scheme introduced in this paper is different to the mixed element method used in [7]
where v and Vu are approximated in different finite dimensional spaces.

We also introduce a fully-discrete approximation of the wave equation for which the velocity
of propagation of all numerical waves does not vanish as both h and At, the time discretization
parameter, tend to zero. Based on this fact, we conjecture that this scheme also provides
convergent approximations of the control as h, At — 0, but we do not have a proof of this.
However we show some numerical examples that somehow exhibits this convergence.

To our knowledge, this mixed finite element approach was used by the first time in the context
of the wave equation in [2], in order to obtain a uniform decay rate of the energy associated to
the semi-discrete wave equation by a boundary dissipation. It is well known that this boundary
stabilization problem is closely related to the boundary controllability problem stated in this
paper. However, in [2] the study of the 2-D case is not complete and no rigorous proof is given



for the uniform decay property.

We also mention that the convergence and error estimates of the mixed finite element method
described in this paper, for the (uncontrolled) wave equation, is given in [11].

In this paper, we concentrate on the simplest 2-D domain consisting of a unit square. How-
ever, the method is easily adapted to general 2-D domains where corresponding boundary con-
trollability properties should hold.

Finally, we refer to [4] for the analysis and numerical implementation of the 1-D version of
the numerical method described in this article.

The rest of the paper is organized in the following way. The second section briefly recalls
some controllability results for the wave equation (1.2). In the third section the semi-discrete
model under consideration is deduced. In the fourth section the main properties of this system
are discussed and, in particular, a uniform observability inequality which will be fundamental
for our study (Theorem 4.1). Its very technical proof is given in an Appendix at the end of the
paper. In the fifth section an approximation sequence is constructed and in the sixth section its
convergence to the HUM control of the continuous equation (1.2) is proved. The final section is
devoted to present the fully-discrete scheme and the numerical results.

2 The continuous problem: results and notations

In this section we recall some of the controllability properties of the wave equation (1.2) and
introduce some notations that will be used in the article. The following classical result may be
found, for instance, in [12].

Theorem 2.1 For any (u®,u') € L?(Q) x H™Y(Q) there exists a control function (v,z) €
[L2((0,T) x (0,1))]? such that the solution (u,u’) of (1.2) verifies (1.3).

In fact, given (u%,ul) € L?(Q) x H~1(Q), a control of minimal L?—norm may be obtained. To
do that, let us introduce the map J : H}(Q2) x L?(Q) — R defined by

J(w // wy)2(t, 1, y)dydt + = // wy) 2(t,xz,1)dxdt
(2.1)

/Q Oz, y)w (0my)dxdy—<u w( >11,

where (w,w’) is the solution of the backward homogeneous equation

w’ — Aw =0, for (z,y) € Q, t >0,
w(t,0,y) = w(t,z,0) = w(t,z,1) = w(t,1,y) =0, forz,ye (0,1), t>0, (2.2)
w(T,z,y) = w'(z,y), w'(T,z,y) = w'(z,y), for (z,y) € Q.

In (2.1), < -, - >_1 denotes the duality product between H~1(Q) and HE ().

Theorem 2.2 For any (u’,u') € L?(Q) x HY(Q), J has an unique minimizer (@0°, ') €
HE(Q) x L2(Q). If (@, @) is the corresponding solution of (2.2) with initial data (@W°, w'), then

(v(t,y), 2(t, ) = (Wa(t, 1, y), Wy(t, z, 1)), (2.3)

is the control of (1.2) with minimal L?>—norm.



We recall that the main ingredient of the proof of the Theorem 2.2 is the following observ-
ability inequality for (2.2): given T' > 24/2 there exists a constant C' > 0 such that, for any
solution of (2.2),

E(t) < C </0T/01 o (£, 1, )| 2dydt + /OT/Ol oy (¢, . 1)\2da:dt) , (2.4)

E(t) = ;/Q (IVw|? + |w|?) dzdy, (2.5)

where

is the energy corresponding to (2.2).

Remark 2.1 The control (v, z) from Theorem 2.2 is usually called the HUM control. It may be
characterized by the following two properties:

1. (v,2) is a control for (1.2), or equivalently,

T 1 T /1
/ / v(t, y)wy(t, 1, y)dydt + / / 2(t, x)wy(t, z, 1)dzdt
0 Jo 0 Jo

(2.6)
=< u1>w(0) >—1,1 _/ uo(x,y)w'((),x,y)d:vdy,
Q

for any (w°, w') € H}(Q) x L*(Q), being w the solution of the adjoint equation (2.2).

2. There exists (W°,w') € H(Q) x L3(Q) such that v(t,y) = (¢, 1,y) and z(t,x) =

Much of our analysis will be based on Fourier expansion of solutions. Therefore, let us now
introduce the eigenvalues of the wave equation (2.2)

A = sgn(n)v/n? + m2mr, (2.7)

and the corresponding eigenfunctions

UM (g, y) = \/§< (i/\n_n;)_l ) sin(nmz)sin(mmy), (n,m) € Z* x N*, i=+v—-1. (2.8)

The sequence (¥™™),, yezxn+ forms an orthonormal basis in Hg(Q2) x L*(€2). Moreover,

nm 1
"™ [ L2 H-1(Q) = R

Remark 2.2 Note that it is sufficient to show that (2.6) is verified by (w°, w') = Y™™ for all
(n,m) € Z* x N*. Indeed, from the continuity of the linear form A : H}(Q) x L*(Q) — C, defined
by

T /1 T (1
A(w®, wh) :/ / v(t,y)wx(t,l,y)dydt—i—/ / 2(t, x)wy(t, z, 1)dxdt
0 Jo 0 Jo

(2.9)
- < ulvw(o) >H_1,Hé +/ UO(.ZE,y)lU,(O,l',y)dlL‘dy,
Q



it follows that (2.6) holds for any (w°,w') € HY(Q) x L?(Q) if and only if it is verified on a
basis of the space HY(Q) x L?(2). But (U™™) (nm)ez= xn+ 08 ezactly such a basis.

Thus, by considering (w®, w') = W™ we obtain that the control (v,z) drives to zero the

initial data
(u07 ul) - Z a%m(pnm?
(n,m)€Z* xN*
of (1.2) if and only if
0

/OT et <(—1)”n/olv(t, y) sin(mmy)dy + (—1)"m /Olz(t,x) sin(mr:c)d:z) dt = 3%"; (2.10)

for all (n,m) € Z* x N*.

3 The semi-discrete problem

In this section we introduce a suitable semi-discretization of the adjoint homogeneous equation
(2.2), which characterizes the HUM control in the continuous case. Then, by minimizing the
HUM functional corresponding to this semi-discrete system, a convergent sequence of discrete
approximations (vy, 21,)p>0 of the HUM control (v, z) of (1.2) is obtained.
We introduce N € N*, h = 1/(N + 1) and we consider the following partition of the square
(z,y) € Q
(xi,y5) = (th,jh), 0<14,7 <N +1, (3.1)

and we denote w;; = w(z;, ;).
Let us also introduce the new variable (¢, x,y) = w/'(t,x,y). Equation (2.2) may be written
in the following variational form:

Find (w,¢) = (w,{)(t,z,y) with (w(t),((t)) € (HE(Q) x L*()),Vt € (0,T), such that

// w(t, z,y) xydxdy—//gtxy (z,y)dxdy, Vip € L*(Q),

&<t ) >aa= / / Vu(t, z,y) V(e y)dedy, Yo € HY(S),

U)(T,ﬂf,y) = wo(Zan)a C(T,l‘,y) =w (l‘,y), V(Sﬂ,y) Q

(3.2)

We now discretize (3.2) by using a mixed finite elements method (see, for instance, [3] or [19]).

We approximate the position w in the space Q; of piecewise-polynomials of degree one and the

velocity ( in the space Qg of discontinuous piecewise constant functions. More precisely, for

each 1 < i,j < N, let QZ = (fEi,l‘i+1) X (yjayj+1) be such that UOSi»J'SNQ?,j == (0, 1)2 and
define the functions

Vii = % if (v,y) € Q Ql 15 thjfl U Q?fufp
K 0 otherwise, (3.3)

ki
%leféz € Qi vk, yi) = -

The variational formulation (3.2) is then reduced to find

N

wh(tvxay) = Z wij(ﬂ%j(%?%% and (h t z y Z Cl] wlj x y) (34)

i,j=1 i,j=1



that satisfy of the semi-discrete system

d 1 pl 1 pl o
G | e = [ [ Gty vi<ig<w.

d Ll o (3.5)
% < Ch( )7SDZ] >—1,1: / / vwh(tax7y)v@’b](x7y)dxdy7 V1 S 1,] S N7

0J0
wn (T, z,y) = wh(2,9), Cu(T,2,y) = wh(z,y), V(z,y) € Q.

A straightforward computation shows that the variables (;; may be eliminated in (3.4)-(3.5)
leading to the following semi-discrete system for w;;(t), in ¢t € (0,7):

(
1 1/ 1/ " 1 " 1/ 2
(4w + 2wil g + 2w+ 2wy 2w g W]y Wy Wiy wiflj%)

1
+3 (Swij = Wit1j = Wim1j = Wij41 = Wig—1 = Wit1j41 = Wig1j-1 = Wim1j41 = Wi-1j-1) = 0,
wio = winy1 =0, for0<e<N+1,

wo; = wn4+1; =0, for0<j<N+1,
wi(T) = wl,  wi,(T) =w), for 0<i,j<N+1.

i )

’L]’

(3.6)

It is easy to see that the semi-discrete system (3.6) is consistent of order two in space with

the continuous wave equation (2.2). We shall consider that the initial data are zero on the
boundary of €2, which in the discrete equation corresponds to

{wg’j:wéd.zo, w?VH] w]lVHJ—O for0<j<N+1, (3.7)

1
wly=wig=0, Wy, =wiy,, =0 for0<i<N+1

The same property will be also satisfied by the corresponding solutions of (3.6).
Now we write (3.6) in an equivalent vectorial form. In order to do this we first define the
following tri-diagonal matrices from My« n(R)

8 -1 -1 -1
-1 8 -1 (0) -1 -1 -1 (0)
1 1 . .
Ay == -1 By = = -1 . - 3.8
=3 B =3 , (3.8)
. S | IR |
(0) -1 8 NxN (0) -1 -1 NxN
1
1 2 1 (0)
h2
1
(0) 1 2 NxN



Moreover, we define the matrices K and M} from M pz2ya2(R),

An By 2C,  Cy
B, An, By (0) Cr 2C, Cy (0)
(O) Bh Ah N2x N2 (0) Ch 20]1 N2x N2
(3.10)
If we denote the unknown
Wh(t) = (’wn(t), ’LUQl(t), cery WNTy eeeey wlN(t), ng(t), ey ’LUNN(t))T,
then equation (3.6) may be written in vectorial form as follows
MhW]g(t) + KpWy(t) =0, for t > 0, (3.11)
Wi(T) = Wy, Wi(T) = Wy, '

where (W,? , W,}) = (u)?j, wz‘lj)lﬁidﬁ N € R2N ? are the initial data and the corresponding solution

of (36) is given by (Wh, W];) = (wij,w;j)lgi,jSN.

4 Properties of the semi-discrete system

In this section we study some of the properties of the semi-discrete adjoint system (3.6), related
to the controllability problem. In general, the controllability property of a system may be
reduced to study a suitable inverse inequality for the uncontrolled adjoint system. The aim of
this section consists precisely in giving a uniform (in h) observability inequality for (3.6). But
before that, let us briefly explain why the semi-discretization introduced in this paper is likely
to provide a uniform observability property rather than others, like the usual finite difference
semi-discretization implemented in [8].

It is well known that in order to have a uniform observability property for the wave equation
(2.2) of the type (2.4) it is necessary to consider T' sufficiently large. This is due to the fact
that the velocity of waves is one and then any perturbation of the initial data will last some
time to arrive to the observation zone. For the semi-discrete scheme (3.6) we can also define
semi-discrete waves as solutions of the form

wy = EEWITN e = (6,8),  (wi,yy) = (Ghjh),  i=V-1

When substituting in (3.6) the following relation between modes £ and frequencies w holds

ws(§) = }QL\/’Calﬂ2 <£12h> + tan? <§22h> + %tan2 <£12h> tan2 (522h>7

and ¢ € (—m/h,7/h)2.

The group velocity associated to a mode & in a direction v = (v1,v2) is given by Vew - v.
Clearly, a necessary condition in order to have a uniform (in h) observability property in finite
time T > 0 is that the group velocity associated to any mode £ is strictly bounded from below
with a certain constant p > 0 (independent of £ and h) for at least one direction v. Otherwise




some solutions of the semi-discrete system would propagate so slowly in any direction that the
observability will require larger time 1" as h — 0.

To guarantee that we have a group velocity uniformly bounded from below for at least
one direction v it is sufficient to have a uniform bound from below (in  and h) for |Vew,| =
V/|0e,ws|? + O¢,ws|?. Note that for the continuous wave equation (2.2), w(§) = |£| and |Vew| = 1.
For the semi-discrete scheme (3.6), a straightforward computation shows that the minimum value
of |Vews| is obtained for £ = (0,0) and that |Vew,(0,0)] =1 (see Figure 1).

On the other hand, the usual semi-discrete scheme based on classical finite differences in
space has the following relation

wra(§) = %\/sin2 (%) + sin? (%),

for which |Vewysq| — 0 as & — (7/h,0), for example. In other words, the group velocity of high
frequencies associated to this finite differences scheme becomes very small (see Figure 1). This
may explain the lack of convergence of the gradient conjugate algorithm implemented in [8],
which is based in this semi-discrete scheme.

[ continuous spectrum
[ finite differences spectrum
I mixed finite elements spectrum

=
o

Frequency

Wave number
Wave number

Figure 1: w(¢) with & € [0,7/h)? and h = 1/21 for the mixed finite element semi-discretization
(upper surface), continuous wave equation (medium surface) and the usual finite differences
semi-discretization (lower surface). We observe that the norm of the gradient |Vew(€)| is always
one in the continuous case, it is greater than one for the mixed finite element scheme and it
becomes zero for the usual finite differences scheme as ¢ approaches (7/h,0)

We do not know if the above spectral condition on V¢w; is sufficient to guarantee a uniform
(in h) observability inequality for the semi-discrete system (3.6). In the rest of this section we
prove, using a different approach, that indeed this property holds for system (3.6).
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We introduce the following discrete version of the continuous energy (2.5)

n2 & wh + W W W
Eh(t) _ ? Z {( ij 17+1 42+1]+1 Z+1j>
i,j=0

2

1 Wit — Wi 2 Wijp1 — Wi 2

L wit1; — wij Wij1 — Wij

() s ()|

2 | (witrjrn —wi\? | (winy — wi )

2 [ (o)) B
| V2 oy

Note that in the expression of E} two different types of finite differences are considered for
the discretization of the gradient in (2.5).
The matrices M), and K} are definite positives. Let us now define the inner product

< (f1, f2), (91, 92) >0=< Kpf1,g91 > + < Mpfa, 92 >, (4.2)
for any (f1, f2), (g1,92) € R?Y *. where < -, - > denotes the canonical inner product. The
corresponding norm will be denoted || - ||o.

Remark that )
2
B, = 5 | W W2 (4.3

The following proposition shows that, as in the corresponding continuous case, the energy
E}, defined by (4.1) is conserved along trajectories.

Proposition 4.1 For any h > 0 and any solution of the discrete system (3.6) the following
holds

En(t) = Ep(0), ¥t > 0. (4.4)

Proof: Multiplying (3.11) by W}, we obtain that

1 d
0 =< MyW, Wy >+ < KWy, W >= o [< MW, W}, > + < KWy, Wy, >] = ZBn®),
and the proof finishes. |
The following result shows that a discrete version of the observability inequality (2.4) is valid
for the solutions of system (3.6).

Theorem 4.1 Given T > 2v/3, there exists a constant C(T) > 0 independent of the discretiza-
tion step h such that the following inequality holds

T Wiy 4wy 2 w?vj + wﬁvﬁl 2
< n Win T Wit1N ZNj TN+
E(0) < O(T){ 5 /0 ) < o > +3 o dt +

i=1 7j=1

(4.5)

dt

T | N N
h / Z WNj—1 + WNj + WNj+1 WN; n Z Wi—1N + WiN + Wit1N WiN
0

, 3h h ; 3h h
]:]_ =1

Remark 4.1 We were able to prove the uniform observability inequality (4.5) only for T > 2+/3.
However, probably the same is true for T > 2v/2, as in the continuous case.
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The proof of Theorem 4.1 is very technical and it will be given in the Appendix. Remark
that (4.5) may be written in the following equivalent form

h(Tl1 1

- 0 ) (4.6)

/ [hQ < ByaWn.,Wn. > +ﬁ < B,W.nN,WN >} dt} ,
0

where Wy, = (wnj)i<j<n € RN and Wy = (win)i<i<N € RY . Similarly, the following direct
inequality also holds.

Proposition 4.2 Given T > 0, there exists a constant C(T') > 0 such that the following holds
for any h >0

h3 T

N 2 N 2
Z Wiy + Wiy N L Z Wj + Wy bt
8 J, 2h 2h

i=1 j=1

T | N N
h / Z WNj—1 + WNj + WNj+1 WN; n Z Wi—1N + WiN + Wit1N WiN
0

*s 3h h 3h h

; dt < C(T)Ep(0).
j=1 i=1

(4.7)

The proof of Proposition 4.2 is given at the end of the Appendix, after the proof of Theorem
4.1.

5 Construction of the discrete approximations

In this section we explicitly construct a sequence of approximations (v, 2p)p>0 of the HUM
control (v, z) of (1.2). This will be done by minimizing the HUM functional of the semi-discrete
adjoint system (3.6).

Suppose that (UP,U}) = (u?,u})lngN € R2V’ s a discretization of the continuous initial
data of (1.2) to be controlled. We define the functional J : RV R,

T(WR, W) =— < (=K, ' MU, Up), (Wr(0), Wi (0)) >0
T

1
o [< ChWi, Wi > + < CaW/y, W'y >] dt (5.1
T
+ 55 [ (< BN, WN. >+ < BiWn, Wy >]dt,
0

where (W},, W}) is the solution of (3.11) with initial data (W_, W}) € R2V? and we have noted
WN. = (wNj)lngN € RN and WN = (wz’N>1§i§N € RN.

We show now that J has a minimizer (ﬁ\/,g , Wﬁ) The main tool in the proof of this result
is the observability inequality stated in Theorem 4.1 above.

Lemma 5.1 Assume that T > 2v/3. The functional J defined by (5.1) has an unique minimizer
(Wy, Wy).
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Proof: Since J is continuous, convex and defined in a finite dimensional space, the lemma
is proved if we show that J is coercive. This is a consequence of (4.5). More precisely,

hoT (& N
T W) = 32/0 D v (8) + iy (O + D fwhy (1) + win () ] dt
7=0 i=0
1 T (& N
+67L 0 jzg [wnj1(8) +wn; (6 + izg lwip1n(t) + win (£)]? | dt

1 T N N B
“on /, Do lwniOF + ) lwin @)1 | dt — [|[(—K5, MUy, UD|lo [[(Wa(0), W7 (0)) o
7=0 =0

CONWR, Wi)lls = (=55 MyUy, U)o 1OWR, Willo,

and therefore
lim TJWP, W} = o0
[ R

Definition 5.1 Let (W,?,W}%) be the minimizer of the functional J given by Lemma 5.1. We
define vy, = (vnj)1<j<n € L2(0,T;RY) and 2, = (2n,)1<i<n € L*(0, T;RY) by
WN; Wi N

’Uh,j(t):—T7 zhi(t) = — o V1<i,5 <N, (5.2)

where (Wh, W,’L) is the solution of (8.11) with initial data (W,?, /W}})

Remark 5.1 The optimality condition for the minimizer of J provides the following charac-
terization of vy, and zp,

< (=K' MpUy,, UR), (Wy(0), W4 (0)) >o=

N

h? al
6 Z(zvh]+vh]+l+vh] Dwy; + Z 225 + Zh i1 + Zho1)Win | dt+
0 \j=1 i=1 (5.3)
1 T N N
+§ / Z(Uh,g + Vn,j+1 + Vhj—1)WNj + Z Zhi + Zhit1 + 2hi-1)win | dt =0,
0 .
]:1 =1

for any (W, W}l) e RN where (W, W) is the corresponding solution of (3.11).

Remark that v, and z, are not controls for the semi-discrete system corresponding to (1.2),
unless v},(0) = v, (T) = 0 and z,(0) = z,(T) = 0. However, we shall show that the sequence
(U, 2n)n>0 converges to a control of the continuous equation. Therefore, in the sequel we refer
to (vp, zp) as discrete controls.

Our aim is to show that the sequence (vy, 21,)n>0 converges to a control (v, z) of the continuous
equation (1.2). Since v, and 2, belong to L?(0, T; RY) whereas v and z are in L?(0,T; L?(0,1))
the convergence is stated in terms of the Fourier coefficients. This is done in the next section.

In the rest of this section we introduce the eigenfunctions and the eigenvalues of the semi-
discrete problem (3.11) and some notation.
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Definition 5.2
In={(n,m)€Z* xN*: 1<|n|<N,1<m<N}. (5.4)

Lemma 5.2 The eigenvalues A\J™, (n,m) € Iy, of the semi-discrete problem (3.11) are given

by
2 mmh nmh 2 mmh nmh
nm “ 2 2 = 2 2
AR = sgn(n)h\/tan (2 ) + tan (2 > + 3 tan < 5 ) tan < 5 > (5.5)

The corresponding eigenfunctions are

V2 ( (ixm) = g
)

nm
_(I)h

P = ) , Y(n,m) € In, (5.6)

where PP = ( Zsin(pmwh))lSpSN e RN and ¢7 = (sin(jnrh))i<j<n € RY.

A straightforward computation shows that (W)™ ), m)ez, constitutes an orthonormal basis

in R?V? with respect to the inner product < -, - >.
For any (f*, f2),(¢",¢%) € R2N? we introduce the notations

< (5. (g4 9% >o1=< (=K, ' Muf%, 1), (- K;, ' Myg?, g*) >0,

5.7
G £2)=1 = (=5 Muf2, £)lo. >0

Remark that < -, - >_1 is an inner product and || - [|_1 is a norm on RZV’.

6 Convergence of the discrete approximations

In this section we prove the weak convergence of the sequence (vy, zn )0 to the HUM control
of the continuous equation (1.2). Let us first show the following property of the initial data that
allows us to construct (vp, zp).

Theorem 6.1 Assume that T' > 2V/3. The sequence of minimizers of J given by Lemma 5.1,
(W3, Wi)hso0, verify

o~ 1 B
V3 Widllo < G I1(= K, MuTy, U)o, (6.1)
where C' is the observability constant of (4.5) which is independent of h.
If the sequence of discretizations (U, Ul pso is uniformly bounded in the || - ||_1—norm then
the sequence (W2, W) is bounded in the || - ||o—norm.

Proof: From the observability inequality we have that

— h T
Cl|(W2, Wh|2 gQ/ [< Chvp,v), > + < Chzyy, 2, >] dt
0

h T
- 2/ [< Bpvp,vp > + < Bpzp, zp, > dt
0

= T (W0, Wh+ < (~K; ' MuUL, UD), (Wi (0), W (0)) >o .

(6.2)
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Now, since j(W,?, Wﬁ) < J(0,0) =0, it follows that

C|(Wy, WiHII§ < < (=K, ' MpURL, UR), (Wi (0), W,(0)) >0
<|[(—K;, " MpUL, U lo||(Wn(0), W7 (0))] o (6.3)
= [|[(=K,;  Mp UL, UD ol (WE, WiH) o,

which is equivalent to (6.1). [

Remark 6.1 Theorem 6.1 shows that the sequence of initial data (W,?,W,%)bo which give
(Un, 21,) is uniformly bounded in h in the || ||o—norm if the sequence of discretizations (UY, U} ) p>o
is bounded in the || - ||-1—norm. The sequences (vp, zp)n>0 verifies the following inequality
h T / / / /
2/ [< Choy, vy, > + < Chzyy, 25, > — < Bpop,vp, > — < Bpzyp, 2, >] dt
0 . (6.4)

RN

1 _
< Sl K MU UDIR =

6.1 Weak convergence of the approximations

Assume that the sequence of discretizations of the continuous initial data on (1.2), (UP, U} )p>o,
converges weakly to (u’,u!) in L?(Q) x H~1(£2). This should be understood in the sense of the
convergence of the Fourier coefficients. More precisely, if

(U,?, U}%) = Z O‘qu)zm7 (UO’ ul) = Z W @™,
(n,m)eZn (n,m)€EZ* xN*

then the following weak convergence holds in ¢2

h
Ah (n,m)€In AV (n,m) €2 x N+

Now, assume that the minimizer (/I/I?f?, Wg) has the following expansion

W Wiy = > ab, o (6.6)

(n,m)EIn

Inequality (6.1) is equivalent to

h 2

nm

nm
h

(07

—0 = 1 _ 1
>l = VR WHIB < SlI-K MULUDIE = =5 D

(n,m)EIN (n,m)eln

Here, the right hand side is bounded due to the weak convergence stated in (6.5). Hence, the
sequence of Fourier coefficients (aﬁm)(nym)ezjv is bounded in £ and there exists a subsequence,
denoted in the same way, and (@nm)(n,m)ez* xn+ € ¢? such that
(azm)(n,m)eIN = (@nm) (n,m)ez> xn+ In ?? when h— 0. (6.7)
Let us now introduce the continuous initial data

(@, @)= > aun®"™ € Hy(Q) x L*(Q), (6.8)
(n,m)€Z* xN*
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and the corresponding solution (w,w’) € C([0,T]; H} () x L*(2)). We have that

et 1,9) = X e (e i anm(=1)"H¥ZEN"1) sin(miry),

| (6.9)
'LUy(t, Z, 1) = ZnEZ* (ZmEN* ianm(_l)erl%eMth) Sin(mm:)_

If (Wh, W,’Z) is the corresponding solution of (3.11) with initial data (W,?, Wﬁ), it follows that

— : o h 1 2 . PNVt
Up = ZISmSN <Zl§|n|§N Zanm(i]')n—'— Apm COS(%\{;)COS(WLTM) sm(nwh)e’ h ) ¢ZL»

(6.10)
- h 1 2 . iAnm
Zh = Z1§\n\§N <Z1§m§NZanm(_1)m+ e COS(%\{)COS(%M) sin(mmh)e'*n t> Ph-
We denote
- h 1 2 . AT .
o D 1< < b G (1) /\Z"LCOS(%‘{)COS(%) sin(nmwh)e?n"t  if 1 <m < N,
m
0, if m > N,
. ﬁnﬂ' -y nm
bm = gz:* ’Lanm(—l)n+1>\nim61)\ t,
n
dh . ZlSmSNzanm(_l)er )\chos(%\{)cos(mT’rh) Sln(mﬂ’h)el h t7 if 1 < |n| < N:
no )
O? lf ’"I’L’ > N,

dn — Z Zanm(—l)m-i—l)\nime’»\ t.

meN*

Theorem 6.2 Assume that the sequence of discretizations (U}?,U;}L)h>o converges weakly to
(u®,ul) in the sense of (6.5). The following convergencies hold weakly in L?(0,T;(?) when

h tends to zero N "
(bm)mEN* - (bm)mGN*7 (dn)nGZ* - (dn)TLEZ*)

(h(b}rln),)meN* — 0, (h(dﬁz)/)nez* 0. (6'11)

Remark 6.2 Theorem 6.2 establishes the convergence of the Fourier coefficients of the controls
(U, 2n)n>0 to those of the control (v,z). This means in particular that (vp, zp)p>0 converges
weakly to (v,z) in [L2((0,T) x (0,1))]2.

Proof: We show the first convergence, the other ones being similar. If (¢y,)m>1 € D(0, T; €2)
we prove that

T T
/ SO (O ()t — / S bt pm(t)dt when h— 0, (6.12)
0 m>1 0 m>1

which is equivalent to

T T
/ SO Bk (6l (1)t — / S ()l (Bt when b — 0, (6.13)
0 0

m>1 m>1
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where

B (1) S dah (-1 Y2sin(nmh) L o
Apm cos(%h) cos(mzhy (Ajm)?

; : V201 ey
bn(t) = D ianm(=D)" S0 e

I<|n|<N 2

Note that (6.13) follows if the following holds

T
/ 3" 1B (8) = b(t)[2dt — 0 when h — 0. (6.14)
0

In order to prove (6.14) we consider an arbitrary € > 0 and show that there exists N
sufficiently large (or, equivalently, h sufficiently small) such that

T ~ €
|3 i<, (6.15
0 m>N 2
and
T = = €
/ > |bfn(t)—bm(t)y2dtg§. (6.16)
0 1<m<N

Remark that (6.15) and (6.16) imply (6.14) immediately.
To prove (6.15) note that, since () € £2, there exists Ny > 0 independent of h such that,
for any N > N, we have

/OTZ|Bm<t>|2dtg/oTz zM) 3

2
m>N m>N (nEZ* nez*

n+1 @ i

Anm

i apm(—1) dt

g\/i(z ZM) /OT(Z Z|anm]2dt> <o) Y Y lawl < 5.

m>N neZ* m>N neZ* m>N neZ*

Let us now show that, for h sufficiently small (or, equivalently, for N sufficiently large),
(6.16) also holds. We have that
1 - -2
2 2 ‘bﬁn a bm‘ =

1<m<N
2

1<m<N |1<|n]<N "\ AR cos(M51) cos(FR) (AR™)? A (nm)2

2

. TL+1 h \/ﬁnﬂ- 1 ANV
+ Z Z ¢ (_1) (a’nm - anm)w ()\nm)Qe
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According to the weak convergence of the sequence (a”,,)nm t0 (@nm)nm and the presence
of the weights 1/(\"™)2, for h sufficiently small,

. n+1l/ _h \/inﬂ' 1 PN
> 2 i (@ = @) S a2
1<mEN |1<|n<N

, (6.17)

1 €
h
< 2| 2 lahm el | <3

1<m<N \1<|n|<N

On the other hand,

2
Z Z (—1)"*ial < v2sin(nrh) et B Venr ei/\nm>

1<m<N [1<[n|<N X cos( 51 ) cos(Tgh) (AF™)? AT (A

V/2sin(nmh) et anm N

AP cos (P2 ) cos (L) (AR™)? oA (\nm)2

SO IDINLADD

1<m<N \1<|n|<N 1<|n|<N

Since (a?,,)nm is bounded in ¢2 there exists ¢ > 0 such that

D = S S (T L

1<|n|<N 1<m<N 1<|n|<N

and (6.16) follows if we prove that

281n nmh 1 Synm 2n 1 Synm g
Z Z Anm mrh( a ) ()\nm)Qth b— \i\;mﬂ ()\nm)2 6Z>\ ¢ S ZC (618)
1<m<N 1<|n|<N | "k cos(“5") cos(™F")
Note that
2 si h 2
max \[Slnh(mr ) ’ \fmr < \/g
AP cos( ™) cos( ™I )| anm
It follows that there exists n. > 0 independent of A such that
2
Z Z V2sin(nmh) 1 AT V2nm 1 emy
VN s o< | M cos(M5) cos (R ) (AR™) A ()2
2
Yy e L e
n nm nm
net i 1<men, | MR COS(M5E) cos(TFR) (AR™)? Amm(Anm)

<25 Y Y s Y% <=

8
1<m<N no+1<|n|<N ne+1<m<N 1<|n|<ne (A )

Let us now analyze the case 1 < m,|n| < n.. Since A\}J™ — A" when h tends to zero, it
follows that, for h sufficiently small,

2
IA"T

V2sin(nmh) 1 ST Vonm 1
AP cos (B ) cos(TER) (AR™)? Anm (\nm)2




Theorem 6.3 We have that (v, z) =
(W, @) is the solution of (2.2) with initial data (w°,w') given by (6.8).

order to do that we consider (5.3) and evaluate it for (W2, W}l) =
(n,m) € Iy,

\/§ M)\nm (/\nm)Q (mm_anmyg 2 e
nmw AR = —1] < .
>~ ()\nm) )\Zm COb(mth) COS(mTWh) ()\Zm)2 - SCng
Consequently
2
Z Z QSln(n'ﬂ'h) 1 )\Z'mt \/ﬁn'ﬂ' 1 AT < i
| o 1<t | AR cos(“3%) cos(™Eh) (A})? A (\nm)2 S 3%
Thus,
2
Z Z 2 Sln(nﬂ'h) 1 i)\'gmt \/inﬂ' 1 AT
e — e
1<m<N 1<[n|<N A cos(5") cos(5) (AR™)? Anm (xnm)?
2
Z Z 2 Sln(n'ﬂ'h) 1 A/;LL’"Lt _ \/inﬂ— 1 PN
B 2 o5 con(E) OGRS A (v

n Z Z fSiIl(nﬂ'h) 1 ei)‘;’zlmt _ \/5717? 1 N

)\chos(”gh)cos( : )()\"m)2 Anme (\nm)2

1<m<N n.+1<|n|<N

Z Z V/2sin(nrh) 1 ixnmE Vonm 1 iAnmE

+
net i 1< em, | AR cOS(P5) cos(5R) (AR™)? Amm (A2
e e £
< —_— _— = —
8¢ + 8  4c’

and the proof ends.

6.2 Identification of the limit control

18

In this section we show that the limit of (vp,zx)p>0 is the HUM control for the continuous
equation (1.2).

(We(t,1,y), wWy(t, z, 1)) is the HUM control for (1.2), where

Proof: By taking into account remarks 2.1 and 2.2, the proof consists of verifying (2.10). In

cos(%) cos(mT”h)

< (=K, ' MyUy, UR), W e T >
NG ( h “*h%h 1) Vh 0

0

T
- / e D) [(—1)"H sin(nrh) < Oy, ¢ > +(=1)"  sin(mrh) < Cpzh, ¢f >] dt

U™, We obtain that, for any

AR (t=T)
—|—/ _— [(—1)”"‘1 sin(nh) < Brop, o' > +(=1)" " sin(mnh) < Bpzy, o) >] dt,
0

nm
I}
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which is equivalent to

h h
i COS(%)COS(E) < (=K; ' MyU;, UR), U™ >q

2
~ V2R?
4

T
/ RV [(_1)"+l sin(nwh) COSQ(%ﬂL)(U;w on')
0
+ (=)™ sin(mmh) Cosg(nTm)(Z/,p o) | dt (6.19)
V2 Tem;}mt
3N,
+ (=)™ sin(mwh)(1 4 2 cos(nrh)) (2, ¢})] dt.

[(71)”4'1 sin(nmwh)(1 4 2 cos(mmh))(vy, ¢1")

We have that
Loy

(6
ynm o nm?
I}

< (_KilehUiL Ui(z))7 ‘I’Zm >0=
and
1
2h

By taking into account that, for every fixed (n,m) € Zy, when h tends to zero we have that

1

< wvp, @ >= —bp'(t), < zp,op >= 2hdZ(t).

h nm nm
Oy = O, AR — AT

bh () = b (t),  dll(t) — dm(t) in L*(0,T),
h(b2)'(t) — 0, h(dh)'(t) — 0in L?(0,T),

and by passing to the limit in (6.19) we obtain (2.10). [

7 Numerical experiments

The aim of this section is to present simple numerical experiments in order to confirm the
theoretical results that indicate the efficiency of the introduced scheme to restore the uniform
controllability. This is done over a fully-discrete approximation.

A rigorous analysis of the results in this paper to the fully discrete case remains to be done.
However, the recent results in [4], [16], [17] and its applications to fully-discrete approximation of
the 1-D wave equation suggest that, very likely, the scheme permits to restore uniform properties
in this case too. We first present and discuss briefly the full discrete scheme used (derived from
the semi-discrete one studied in the previous sections) and then consider three different examples
with different kind of regularity and location of control. In good agreement with the theoretical
results, this scheme will appear numerically robust displaying good results.

7.1 Description of a fully discrete finite-difference scheme

We first introduce a fully discrete - in space and time - scheme associated to system (2.2). The
scheme is precisely the time discretization of the semi-discrete scheme (3.6). Let us denote by
wfj the approximation of the solution w of (2.2) at the point of coordinates (z;,y;) and at time
th = kAt wfj ~ w(kAt,z;,y;). At designates the time-step and k a nonnegative integer in
the set {0, M}. M and At are defined such that 7= MAt. The scheme is then obtained by
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replacing the time derivative w;;(tk) by the finite difference (wffl - 2wfj + wfj_l) /(At?). Then,
noting Wk = (wfj)lgmgjv € RN2, for 0 < k < M, the vectorial form (3.6) becomes

At? M+1 M-—1
M _ 0 WMHl_wM-1 4
W =w", SAL =w".

{ Mh Whtl_owkpwh—1 + KhWk _ 07 YO < k < M7 (7 1)

The scheme (7.1) is consistent of order 2 in time and space with the continuous system (2.2).
Furthermore, we recall that this latter scheme is stable under the so-called Courant-Friedrichs-
Lewy (CFL) condition (see [5])

At? K,2W,W
e sup M <1, Vh,At>D0. (7.2)

WeRN? W0 (MhVVa W)

The discrete spectrum (A}'R;)1<m,n<n associated to the scheme (7.1) is

2 At
AiA: = Az arcsin(Q/\Zm>, 1<m,n<N (7.3)

with A" defined by (5.5). Therefore (7.2) implies the following condition:

At < Ch3, VC > 0. (7.4)

This condition is too much restrictive from a numerical point of view because it implies a very
small time step At and therefore a costly scheme. In order to relaxe the stability condition
we use a Newmark method ([4], [5], [16]) replacing the term K, W* in (7.1) by 1/4K,(W**! +
2WF + Wk=1). This leads to the following scheme

WM _ w07 W]\%wélinfl wl' (75)

{ (My, + AL ¢, ) WH=2WEEWEL | g wk = 0, W0 < k< M,
2At -

This new scheme remains consistent with the continuous system (2.2). In addition, it is uncon-
ditionally stable whatever the value of At, thanks to the inequality:

Ai‘tQ (KhW7 W)

sup
4 WeRN? W0 ((Mh + At2/4Kh)W W)

<1, Vh,At>0. (7.6)

Consequently, At = Cyh, for all C'1 > 0 is an admissible value.

Let us now analyze if this fully-discrete system conserves the observability properties of the
semi-discrete scheme. Following the analysis in Section 4 above we study the group velocity of
discrete plane waves of the form

(E-(s ) —wtk
wh = €@t e (g g,

For the discrete system (7.5) the following relation between modes £ and frequencies w holds

> (A (6
(€) = 7 aresin (2 1+wiw<f>>

where

ws(§) = Z\/taHQ (&1h/2) + tan? (&h/2) + %tar@ (&1h/2) tan? (&3h/2),
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and ¢ € [-m/h,7/h)2.

The group velocity associated to a mode & in a direction v = (v1,v2) is given by Vew-v and a
necessary condition in order to have a uniform (in kA and At) observability property in finite time
T > 0 is to have a uniform bound from below (in &, h and At) for |Vew| = /|0 w|? + Og,wl?.
A straightforward computation shows that the minimum value of |V¢w| is obtained for & =
(m/h,m/h) and that

Vew(m/h,m/R)| ~ h¥2At™1

Therefore, this is uniformly bounded from below if
At=ChY?, vC>o0. (7.7)

Thus, we have seen that, even if the scheme (7.5) is stable for any discretization step At, this
is not sufficient to guarantee a uniform (in h and At) controllable scheme. In fact, a necessary
condition is given by (7.7). In other words, if we do not have condition (7.7) then the time
discretization lose the uniform controllability property of the semi-discrete scheme.

If we compare with the initial scheme (7.1) for which the stability is ensured provided that
(7.4) holds, the Newmark strategy permits to gain a factor h%/? in the ratio At/h.

Remark 7.1 The situation is thus different from the 1-D case where a Newmark scheme leads
to a uniform controllable system with At of the order of h (see [16]). By optimizing the New-
mark parameters, one might design uniform controllable schemes associated to less restrictive
conditions on the ratio At/h (we refer to [16] for the 1-D case).

7.2 Numerical examples

In this section, we present some numerical experiments for three different initial conditions.
The first one concerns the simplest regular initial condition involving only one frequency mode
(see eq. (7.8) below). The second example is the well-known pathological test proposed by
Glowinski-Li-Lions in [8](see eq. (7.9) below). Finally, the third one is a very singular one
involving a discontinuous initial solution u® at time ¢t = 0 (see eq. (7.14) below) . Each one of
these examples are defined on the unit square. For these three examples, we compare the results
obtain from the usual finite difference scheme (FDS), the mixed finite element scheme we have
introduced (MFES) and the bi-grid method (BI-GRID) (see [1],[8]).

To compute the control, we have used the HUM method which reduces the control problem to
the determination of suitable initial conditions (1°, ') of a forward wave equation. Following
[8], the iterative gradient conjugate algorithm is used with the initialization (@°,@') = (0,0).
We assume that the convergence is obtained when the relative residual is lower than a given
eps > 0. Finally, the computation are performed using the MATLAB Toolbox and the double
precision.

7.2.1 Example 1: Regular initial conditions
We consider the following initial condition
u’(z,y) = 10sin(rz) sin(my) ; w'(z,y) =0; (z,y) € (0,1)2 (7.8)

We assume that the control is active on I'; defined by (1.1). The time at which we want the
solution to be controlled is taken equal to T = 3 > 2+/3. Finally, we take eps = 1.e — 06.
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According to the previous remarks on stability and uniform observability, we used the MFES
scheme with At = h3/2. Furthermore, we remind that the FDS and BI-GRID schemes are stable
under the condition At < h/ V2. Table 1 compares the results obtained with the three methods
for a mesh size h = 1/31. At a first glance, the results are quite similar, particularly the L2-
norm of the control ||vn||r2(0,1) + |[2Rll12(0,1) also depicted on Figure 2. The BI-GRID and
MFES methods provide good results with few iterations. Table 2 gives the results obtained
with the MFES method for different values of h and illustrates in particular the convergence of
lonllr20,1) + |1zRll22(0,1)-

On the other hand, note that the number of iterations necessary to obtain convergence with
the FDS is larger. The situation get worse when the ratio At/h = v/h decreases (see Table 1)
or h is smaller. Actually, for this example, if we consider h lower than 1/31 or eps lower than
l.e — 06 then the FDS does not converge. In addition, the initial conditions (% @) of the
forward wave equation are very badly approximated (see Figure 3).

FDS FDS  MFES BI-GRID BI-GRID
h 1/31 1/31 1/31 1/31 1/101

At 1/v/2h h3/? h3/? 1/v/2h 1/v/2h
Number of iterations 45 199 17 4 4

|1 D9] 226 0.02277  0.03062  0.02092  0.01976  0.02044

1B 1.0 10.26788] |0.55847] 0.18261  0.16079  0.18501
B} 120 11.85936] [2.2638] 1.7944  1.79034  1.7874

H“O_“2HL2(Q)

0.01267  0.00834 0.00843  0.01240 0.00772

|

|

|

|

e (T 20 ‘
y |

Hu0||L2(Q)
gl |10 0.00239  0.00204 0.00118 0.07132  0.03011
Tan O 0.01147  0.00159  0.00450  0.02527  0.01147
L
lvnllzz0) + 12nll200) | 2-98066  2.9869 298164 297492  2.98106

Table 1: Comparative results between FDS, MFES and BI-GRID methods (Example 1).

7.2.2 Example 2: Irregular initial conditions - Discontinuity of the initial velocity

Let us now consider the following initial conditions:

0 0
W y) = 00, ,9) + 01(0.,9) 5 wey) = B20y) + Oy (79)

with
1

do(t, z,y) = —mV/2 cos(mV/2) <t — m) <sin(7r:£) cos(2my) + cos(2mx) sin(wy)) (7.10)
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Figure 2: [|vn|[r2(0,1) + [|2k]|12(0,1) Vs t € [0, T] obtained with the FDS (At = 1/v/2h), MFES
(At = h3/?) and BI-GRID (At = 1/y/2h); h = 1/31 (Example 1).
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Figure 3: @2 (z,y = 1/2) (left) and W} (z,y = 1/2) (right) vs. z € [0, 1] obtained with the FDS
(At = 1/v/2h),MFES (At = h%/?) and BI-GRID (At = 1/v/2h); h = 1/31 (Example 1).
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h=1/15  h=1/21 h=1/25 h=1/31  h=1/35

Nb. of iterations 9 12 12 17 19
]|1I12||L2(Q) ‘ 0.023014  0.021306  0.021007  0.020920  0.020761
leO_LHHl(Q) ‘ 0.175284  0.176373  0.174714  0.182618  0.182817
L1220 | 1.81206  1.80115 179666  1.7944  1.79184

[~ 20

0.0082343 0.0125101 0.0078352 0.0084316 0.0092339

HUOHLQ(Q)
Hu}LHHfl(Q) ‘0.0013481 0.0015728 0.0011591 0.0011838 0.0010488
[ ()12,
T oy 0.006617  0.005767  0.0051284 0.0045045  0.004359
Huh(o)||L2(Q)

lvnllz200) + l12nll200) | 298449 298265 298138 2.98164  2.98127

Table 2: Results obtained with the MFES for different values of h, At = h*/? (Example 1).

and

b1(t2,1) = 4n(T — t)sin(rv/2) <t - 4\%) - ?i%sin(ﬂﬂ(t — TY)sin(rz)sin(ry)

sin(max P 2 sin(m 2(t —
+ 4sin( )pz?;poddpg_l[m ( \/H(t T))
3v2 1 .
+ 2 1608 <7T\[2<t - M))]Sm(lmy) (7.11)

. P 2
+ 4sin(7y) Z 5 [
poipoia?” T HLVIHP?

)

with 7' = 15/4v/2. These irregular initial conditions introduced by Glowinski, Li and Lions [§]
are well-known to produce spurious oscillations and pathological numerical effects. We remind
that u? is a Lipschitz continuous function not belonging to C''(Q) whereas u! belongs to L>()
but not to C(Q). The functions u® and u' are depicted on Figures 4.

sin(my/1+p%(t —1T))

The main advantage is that the analytical solution is known. More precisely, the initial conditions
(0%, w!) of the forward wave system are given by:

wo(z,y) = sin(mz) sin(my), w1 (z,y) = 7V2sin(wz) sin(my) (7.12)

leading to the solution
1
o(t,z,y) = V2cos (W\/i(t - m)) sin(mz) sin(my) (7.13)

and then to the analytical expression of the control V = 8—% o acting on the whole boundary

09Q. The L?-norm of the control with respect to time is represented in Figure 7.



0.8

0.6

0.4

0.2

Figure 5: @9 (z,y = 1/2) and @} (z,y

SRS
ORRSRA
sy
R
WX

il

0 iy \
Al R

i oty O N
2o Gl SRR
3 %”%%%%“M&Q§MWW$‘

i oo ss a

Wity i e ettty
: o0 e R ™ .

0.6
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25

Let us consider eps = 1.e—07. Figures 5 and 6 depicts the numerical approximation ('ng, 'Lf),ll)
obtained for (0% w!). The MFES reduces significantly the oscillations observed with the FDS.
As already noticed in [8], we point out that these oscillations remains when considering, for the

FDS, a smaller ratio At/h. For instance, for the ratio At/h = v/h used for MFES, the FDS
algorithm diverges.

and numerical (-.-) solution ; b = 1/25, At = 1/v/2h (Example 2).

=1/2) vs. z € [0,1] obtained with the FDS: exact (—)

Figure 7 depicts the evolution of the numerical control in L?(99Q)-norm with respect to time in
[0,T] obtained for the FDS and the MFES. The deterioration of the numerical results is less
significant on this quantity. Figure 8 gives the evolution of the residual with respect to the
iterations for A = 1/25 and h = 1/61. The BI-GRID produced an error lower than 1.e — 07 after
5 iterations. For h = 1/25, the MFES algorithm needs 16 iterations whereas the FDS algorithm

needs 29 iterations to reach the same order of error.

h =1/61 - the FDS algorithm does not converge.

For smaller value of h - in particular
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Figure 6: @ (z,y = 1/2) and W}, (x,y = 1/2) vs. x € [0, 1] obtained with the MFES: exact (—)
and numerical (-.-) solution ; h = 1/25, At = h%/? (Example 2)
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Figure 7: || Vi(t)||12(9q) vs. t € [0,T] obtained with the FDS (left) and the MFES (right): exact
(—) and numerical (-.-) solution ; h = 1/25 (Example 2).
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Figure 8: Logl0 (Relative error on the residual) vs. iteration of the gradient conjugate algorithm
obtained for the FDS, MFES and BI-GRID ; Left: h = 1/25 - Right: h = 1/61 (Example 2).
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FDS MFES BI-GRID
Nb. of iterations 29 16 5
At 1/v/2h h3/? 1/v/2h

1o —tbon||2(a) 0.0480827  0.00779022  0.0481913
Hw0||L2(SZ)

llo—on || ;10
H"I’OHHI(Q)

||1D1_1I’1h ‘ ‘LQ(Q)
BT 0.3227 0.0336811 0.0172094

u07u0
fe=ubllizer | 00251380 0.00147872  0.00738625

||u0HL2(Q)

1,1
Mo =l o) 0.000338676 0.000163876  0.0282561

HulHHfl(gz)

Vil 2200 7.47136 7.37811 7.36179

0.0610629 0.0252612 0.0106558

Table 3: Comparative results for h = 1/25 (Example 2).

h=1/15 h=1/21 h=1/25 h=1/31 h=1/35 h=1/41
Nb. of iterations 8 15 16 22 18 19

woiwo
Il e) 0.0176528 0.0087720 0.0077902 0.0045873 0.0044670 0.0034090

Hﬁ’OHL?(Q)

Hﬁio—ﬁ’ﬁ\\m(g)
IIwOHHl(Q)

0.0365394 0.0240179 0.0252612 0.0155487 0.0166127  0.0146926

wlfﬁ,o

W 0.0477631 0.0314514 0.0336811 0.0287866 0.0188667 0.0153937
||'“’0_u2”L2(Q)
HuoHLQ(Q)
ul—ul ||,

o= un a1 0.0002294 0.0001223 0.0001638 0.0001006 9.5612¢-05 0.0001241

H""IHHfl(Q)

[[Vh!lr2(00) 7.39264 7.36749 7.37811 7.37243 7.38466 7.38576

0.0035010 0.0017632 0.0014787 0.0011760 0.0006623  0.0005863

Table 4: Results obtained with the MFES for several values of h(Example 2).

7.2.3 Example 3: Irregular initial conditions - Discontinuity of the initial position

In this third example, we consider the most singular situation with a discontinuous initial con-
dition u®. More precisely, we consider, still on the unit square (0,1)2, the following functions

40 (z,y) € (5,3)
0 — ) 373 . 1 —
P ={ o0 GO e o (7.14)
We assume that the control is active on I'; and we take T' = 3 and eps = 1.e — 06. With this
discontinuous initial position, the usual finite difference scheme (FDS) completely fails, even for
relative large values of h - for instance h = 1/21. On the contrary, the relative error associated
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to the MFES decreases (see Figure 9). The L?-norm of the control converges as indicated by
the results of Table 5, as h goes to zero, and the solution of the discrete wave system is driven
at rest at time 7" (see figure 10).

h=1/15 h=1/21 h=1/25 h=1/31 h=1/35
Nb. of iterations 25 33 38 43 46
H’lf);” \LQ(Q) 0.165546 0.116949 0.097492  0.0878R891 0.0817421
ngHHl(Q) 1.4625 1.34044 1.13954 1.1905 1.26147

||u0*u2”L2(Q)

|0k 220 | 13.612 12.9784  11.3383  10.8551 10.4097
0.0173194 0.00915911 0.0113164 0.00723832 0.00613776

HU'OHL2(Q)
HU’ILHH—l(Q) ‘ 0.0038072 0.00544011 0.004714  0.00458297  0.0033676
Neen (T2 ) 0.0118741  0.0091952 0.0147911 0.0110379  0.00855918
Ten )20 : : : : :
lonll 200 + znll200) | 10.6906  10.2347  9.65102 9.477 9.3831

Table 5: Results obtained with the MFES for several values of h (Example 3).

: : : : : : :
14} 5 O BI-GRID [

I I I I I I I
0 10 20 30 40 50 60 70 80

Figure 9: Logl0(Relative error on the residual) vs. iteration of the gradient conjugate algorithm
obtained for the FDS, MFES and BI-GRID, h = 1/31 (Example 3).

Let us finally discuss the results obtained with the BI-GRID method. Similarly with the
previous examples, the residual becomes lower than eps after less than 10 iterations (see Fig-
ure 9). However, the results summarized in Table 6 indicates that the control obtained do not
drive the solution at rest at time 7. In particular, the quantities ||u® — ugHLQ(Q)/HuOHLQ(Q),
up |l -1(0), and |[un(T)||12(0)/||wn(0)]]12(q) do not converge toward zero with h, like it should
be. This result is not a contradiction. Firstly, the theoretical proof of the efficiency of the bi-grid
algorithm remains to be done in 2-D. It was recently proved, as a semi-discrete level and in 1-D,
that the control obtained by this method controls only the projection of the discrete wave system
on the coarse mesh (see [18]). In our case, the bi-grid procedure has no regularization effect
on the initial irregular position u® (the projection of u” on a coarser mesh is still discontinuous
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10

Figure 10: Solution at time 7' = 3 obtained with the MFES, h = 1/31 (Example 3).

with a jump independent of h ), and therefore the control obtained is not comparable to the
one obtained with the MFES. In the previous example, the situation was different, the initial
condition u° being continuous. This example shows that the test on the relative residual com-
monly used in the literature should be replaced or at least confirmed by a test on the quantity
l[un(T)z2(0)/||un(0)|[L2(q) or Ex(T)/ER(0) (if we designate by Ej the energy associated to
the discrete system.). Figure 11 depicts the L2-norm of the control obtained with MFES and
BI-GRID. As expected, the curve corresponding to the BI-GRID is smoother. However, this
control do not drive the solution at rest at time 7" while the control obtained with the MFES
does.

h=1/21  h=1/41  h=1/61  h=1/81 h=1/101

Nb. of iterations 6 6 7 7 8
ngHL2(Q) 0.0738504 0.0692983 0.0630167 0.0593113  0.059985
||®Y |71 ‘ 0.676801  0.854368  0.824286  0.819461  0.846549
||| l22(0) ‘ 6.73463 6.93969 6.30109 6.04344 6.19305

H'U'O*u?lHLZ(Q)
||u0HL2(Q)
|uh | r-10) | [0.661024] [0.544694] [0.394718] [0.384597] [0.357067 ]

||uh(T)HL2(gz)
Tan 020,

ol + 1znll200) | 927014 9.86701  9.16334  8.85218  9.15013

10.332749] [0.265029| [0.219566] [0.189398]| [0.174985]

‘]0.211348\ 10.160687| [0.152281| [0.127367] [0.127306 |

Table 6: Results obtained with BI-GRID for different values of h (Example 3).

Regarding to those results, we may say that the scheme MFES “pass” this very singular test.



30

14

T
*  MFES
O BI-GRID

Figure 11: |[vn||12(0,1) + [|2Rl[L2(0,1) Vvs. t € [0,T], h =1/31 (Example 3).

A Appendix

The aim of this appendix is to prove Theorem 4.1 and Proposition 4.2. To simplify the notation
we write

f]l = Wi +wy + wip + wji, bkl —wzkﬂ—wzl—l—w]k—{—w
Cf} = 1k+w1l+wk+wjl7
Aqowi; = 2wij — Wit1j — Wi—1j, Ao ywij = 2wy — wij41 — Wij—1,
Aqpwij = 2w — Wit1j41 — Wi—15-1, Aq _nwij = 2Wij — Wit1j—1 — Wi—1j4+1-

A.1 Proof of Theorem 4.1

Multiplying the discrete system by the discrete version of the usual continuous multiplier (z,y) -
Vu, i.e.

oy Wikl — Wil Wij41 — Wi—1j Wit 1) — Wi—1j | Wij41 — Wij—1 _ Mij
h,jh). = = Al
(Z 7] ) ( 2h ? 2h ) v 2 +] 2 2 ) ( )
and summing in ¢ and j we obtain
h2 T N 1 1
0= 5 i > (djjl Ry AR Ay N i )mijdt
i,j=1

=C

1 T
+6/0 Z (A(I,O)wij + A(O,l)wij + A(l,l)wij + A(l,—l)wij) myj dt (A.Q)

3,j=1

/

-~

=D
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We study separately C' and D. Integrating by parts in C' we easily obtain,

T
C’z/ C'1dt+[02]g, (A.3)
0
where
Cro= = 3 (B Y e o)l (A1)
ij=1
N
Co = 30 (W VY + 02 b ) my. (A5)

1,j=1

We first consider the term C7 above. Changing the indexes in the last three terms of (4
above (in order to have the common factor bz,fjll) and taking into account that w; o = w; y4y1 =
wp,; = wjN+1 = 0, we obtain

N

N
C1=2 Z <b§zj:11> (N+1) Z (win + w§+1N)2 + Z (wiv; + w?\/jﬂ)z . (A.6)

i,j=0 i=1 j=1

We now analyze the term D in (A.2). We only make the details for the first term in D since
the others can be simplified similarly. The first term in D reads

Z A 0ywigmi; = Z A oywij [i (wit1j — wim1j) + J (wij41 — wij—1)] - (A7)
7] 1 ,] 1

We consider separately these two terms. For the second one we have

N
> (Qwij — wit1j — wio1j) J (wijr1 — wij1)
ij=1
N N
= > d(wiy —wiag) wigp — Y § (i1 — wig) wig
i,j=1 i,j=1
N N
- Z J (wij — wi—1j) wij—1 — Z J (Wit1j — wij) wij—1
i,j=1 i,j=1

Changing the indexes to obtain the common factor (wjt1; — wj;) in all the terms and taking
into account that w; o = w; y+1 = wo; = w; N+1 = 0, we obtain

N
Z 7 (wit1j — wij) (Wig1j41 — Wij11) — J (Wir1; — wij) (Wig1j-1 — wij—1)]
ij=0
N N,N—1
= Z J (Wi1j — wiz) (Wit1j41 — Wij41) — Z U+ 1) (Wigrjr1 — wij1) (wir1; — wij)
N

== > (Wirrj1 — wijr) (wis1j — wig) -
i,j=0
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An analogous argument allows to simplify the first term in (A.7),

N N
> Aqoywimij = ) [(wi+1j —wig)? — (N + 1)(wn;)? = (wigrjr1 — wij1) (wigr; — wz‘j)} :
ij=1 i.j=0

Simplifying the other three terms in D we finally have

N

D == [(wit1jr1 = wiy1y) (wijr1 — wig) + (Wis1j51 — wijr1) (wir1; — wij)]
i,j=0

N N
+) {(wi—i—lj — wij)* + (wijr1 — wij) } (N+1) " [(wn)? + 2wnjwji]
i,j=0 =0

N
—(N+1) Z win)? + 2wiNnwitin] - (A.8)
=0

By Young’s inequality we can estimate the first term in this formula,

N
Z [(Wig1j41 — Wig15) (Wij41 — Wij) + (Wir1j4+1 — Wij11) (Wir15 — Wij)]

1’7]

N
< Z [ Wit1j+1 — wi+1j)2 + (w1 — wz’j)g + (Wit 1541 — wz’j+1)2 + (Wit15 — wij)g]

[\D\}—t

N
= Z [ wijs1 — wi)? + (Wit — wz‘j)z} -
Therefore,

N N N N
D>—-(N+1) Zw?vj + QZwNijj+1 + Zw?N + 2Zwini+1N

N+1
—(N+1) ZwNJ + Z WNj—1WN; + Z'UJNJU)N]—H

N+1 N+1
+ E sz-i- § Wi—1NW;N + E WiNWi+1N
N N

N + 1 Z wNj_1 + wn;j + wNjH)wNj + Z (wi_lN + w;N + wi+1N) w;N | - (AQ)
J=1 =1
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Substituting (A.3), (A.6) and (A.9) into (A.2) we obtain

N i1\ 2 N 2 N / / 2
32 /T Z (b‘%d > dt < ;L/T Z <w§N +2w§+1N> . Z <wNj +2wNj+1) i@t
0 0

i,j=0 i=1 j=1

T | N N
+} / Z WNj—1 + WNj + WNj+1 WN; n Z Wi—1N + WiN + Wit 1N WiN
0

dt
2Jo |5 3 ho = 3 h
h? T
oA (A.10)

We observe that the term in the left hand side contains only one part of the energy. In
order to obtain the full energy we make an equipartition of the energy. The following lemma is
a discrete version of the well-known equipartition of energy for the continuous wave equation,

which reads . T
0= [ [ (P + (Vuydsar-+ [ foas] (A11)
0 Ja Q 0

Lemma A.1 The following holds:

2 [T Y b”ff ’ 2 al ajjff bjgjll
_ _ h/ k4% dt h 7 (A2
0 LIS () e | 2 (2 ) (25

1,7=0 1,7=0

YT Wig1j — Wij S| Wij41 — Wij 2
B2 - Wity ij 2 [ Wi ij
w )

,5=0

0

+g <wi+1j+1 - wij>2 n 2 <wi+1j - wij+1>2] dt.
3 hv/2 3 hv2
The proof of this lemma is straightforward following the idea of the continuous system where
(A.11) is obtained multiplying system (2.2) by u and integrating by parts.
When applying Lemma A.1 to the identity (A.10) we obtain
T
g W2 iy i
/0 Ep(t)dt + 3 Z @iy b1 T C2

i,j=0 0

2
hofT & w;N+w;+1N - w§Vj+w§Vj+1
58/0 Z<2> D e MK

i=1 j=1

T | N N
+} / Z WNj—1 + WNj + WNj+1 WNj n Z Wi—1N + WiN + Wit 1N WiN
0

2 3 h 3 h

dt. (A.12)
j=1 i=1

The following lemma allows us to estimate the the second term in the left hand side of this
formula.

Lemma A.2 The following holds
T

N
RS el + Oy | < 64VBEL(0). (A.13)
i,j=0
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Before proving this lemma we finish the proof of Theorem 4.1.
Taking into account the conservation of the energy stated in Proposition 4.1 we have

T
T 2 | N
h
) Ep(t)dt + o5 S alB + Oyl > TEL(0) — 2V3EL(0) = (T — 2V3)E(0),
i,j=0 0

which combined with (A.12) provides the following

2
T | & +w 2 N (. +
(T —2V3)En(0) < 5 / > (“V ”“V) D e e MK
0 |i=1 j=1
1 (7 N w +wy; +w w N w +w;y +w w
Nj—1 Nj Nj+1 WNj i—1N iN i+1N WiN

+/ + dt.

2 Jo 2. 3 h Z - 3 h

j=1
This concludes the proof of Theorem 4.1. |

Proof of Lemma A.2. From (A.5) we have

§ : Ji+1y55+1 } : Jj+1 JJ+1 } : JJ+1 Jj+1 |
azz+1 bu—‘rl + 02 a“u—i—l bu—i—l bu—l—l u—‘rl + bz 13 + bz 12 My (A14)
4,5=0 1,j=0 5,5=1

To simplify the notation we assume that
WN+2j = WNj, WiN+2 = WiN, w-1j = w; 1 =0, Vi,j=0,.,N+1. (A.15)

We change the indexes in each one of the terms of the right hand side of (A.14) in order to
have the common factor bif:ll Then we obtain

N N
Ji+1y55+1 _ Ji+1 jj+1
Z azz+1 bzz—i—l + CQ - Z ( zz+1 + Rl]) bZH—l (A16)
1,j=0 1,5=0

where

Rij = i[(wit1j — wi1j) + (Wigrj41 — wimrja1)] + (0 + 1) [(wige; — wij) + (witzjt1 — wiji1)]

+J [(wijr1 — wij—1) + (Wit1j41 — Wir1j—1)] + (G + 1) [(wijr2 — wij) + (Wit1j42 — wig1y)] -

We estimate the right hand side in (A.16) using the Schwartz inequality. Thus,

N , 2 1/2
e by (il +my) | D@ - A
4,j=0 i,j=0 i,j=0
Now we prove that
N

N N
> (ag'gjf + Rij> Z Ry 48> (N + 1) (win)? +8) (N +1) (wn;)*. (A.18)
i,j=0 1

4,7=0 = j=1
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Indeed, we have
N N
j+1 +1 i+1
> | (a4 ) - 3| - 3 [ty +2efims). (A1)
i.j=0 =0
and it is not difficult to see that
N N
Z 0l Rij = —2 Z (@50 + D (N + 1) (wiy + wipin)® + D (N + 1) (wn + wnji)?
%,j=0 1,7=0 =1 Jj=1
Therefore, using Young’s inequality, the right hand side in (A.19) reads
N N
> [( T2 + 2001 Ry } -3 Z (@) +2) (N +1) (win +wigin)®
i,j=0 i,j=0 i=1
N N N
+2) (N +1) (wag + wajp1)® <8) (N + 1)(win)® +8D (N +1) (wwy)?.  (A.20)
i=1 j=1

j=1
From (A.19)-(A.20) we easily deduce (A.18). Now we estimate the right hand side in (A.18)

Concerning the first term we have

N
> [i(wisry = wim1j) + i(wir1je1 — wim1je1)

N

Z R%j = [i

ij=0 ij=0

+(0 + D(wiyo; — wig) + (0 + 1) (wir2j+1 — wij1) + j(wij+1
wig) + (7 + D(wig1j4+2 — wit1y)]

+J(Wit1j41 — Wit15-1) + (F + 1) (wij12
(A.21)

—wij-1)?],

— Wij—1)

32
< 2 wi—17)? + (wij41
)

[(wis1j —
where we have used Young’s inequality and the fact that 4,7 < h~'. In (A.21), the first term is

estimated as follows
N

D (wirrj — wio1j)’

1,j=0
N
E . . . )2 i iy 2
wz—i—l] Wi + Wi — wz—lj) + (wz-i-l] — Wij+1 + Wij+1 — W 1]) ]

l\’) \

N
> [wigr; — wig1)? + (wijr1 — wio1)?]

N
Z [(wit1j — wig)? + (wij — wi—15)?] +
ij=1
N
wij+1)? + (Wip1j —wig)?] =2 (wn;)?,  (A.22)
7=0

N
Z (Wis1; — wij)* + (Wit
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and an analogous formula holds for the second term in (A.21). Therefore, we have

Z [(wiJrlj - wiflj)Q + (wij41 — wijfl)ﬂ
N
<2 [(Wiry — wig)? + (wig1 — wig)* + (Wis1j — wig1)? + (Wig1j41 — wig)°]

=0
N
—2) (wn;)? =2 (win)?. (A.23)

=0 =0
Substituting (A.21) into (A.18) and taking into account (A.23) we easily obtain

N

j+1
S (i + Ry

1,j=0

N
Z (Wir1j — wij)2 + (wijp1 — wij)2 + (wip1j — wij+1)2 + (Wit1j41 — wz‘j)ﬂ , (A.24)

i \

which allows us estimate (A.17). In fact, using Young’s inequality we obtain

N 8 N 1/2
1 1 1
Dol e < | DI
i,j=0 4,3=0
N 1/2
X Y [wipry —wig)? + (wigin — wi)* + (wisry — wig1)” + (wirrj1 — wig)°]
i,j=0
N bg;+11 2 1 N
<16V/3 AZO Bl § Z (wir1j — wiz)? + (Wijr1 — wig)”
INES 7=0
H(wipry — wij1)? + <wi+1j+1 — wij)*]] = 32V3En(t).
Therefore,
N T
ST Gl + ol < 32V3(BR(T) + En(0)) < 64v3E(0). (A.25)
i,j=0 0
This concludes the proof of Lemma A.2. |

A.2 Proof of Proposition 4.2

Coming back to the proof of Theorem 4.1 we consider D defined in (A.2). By (A.8) and Young’s
inequality we have

N N N
D <2 Z (wit1j — wij)® +2 Z (wijs1 — wiz)* Z (N + 1)(wnj—1 + WNj + WNj+1)WN;
%,j=0 1,j=0 Jj=1
N
- Z(N + 1) (wim 1N + WiN + Wit1N) WiN- (A.26)

i=1
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Thus, we can estimate (A.2) as follows

h? 1 (T h?
0 = —C Ddt < — 2
216 0 2 Jo

NE &MZ

+1
(i)’
Z7J
al 2 2
- Z(N +1) (ng + wz,'-l—lN) - > (N+1) (w§Vj + w§Vj+1) dt
; 1

M= 5

T N
2 : 2
/ wz_i'_lj - wz] +
0

i,j=0 i,j=0

(wijp1 — wij)? | dt

.

Y
Z N+ 1)(wnj—1 + wNj + WNj+1)WN;
j:l

h?
+Z(N+1) (wi,1N+wiN+wi+1N) Wi N dt+ [02]0,

i=1

i.e.
| N 2 N S 4w 2
Eh(t)Z;L/ Z(NH)“N> +Z< N NJ“) dt (A.27)
0 li=1 j=1

N N
e WNj—1 + WNj + WNj+1 WN; Wi—1N + WiN + Wi+1N WiN h? T
— dt — —1[Cs]5 .
+ /0 2. 3 no z} 3 h 33 C2lo

Therefore, it is enough to find an estimate of C in terms of the energy. Note that

N

+1 1j i+1 i—1j
Co =3 iy [0 + W1 + 07 v
7]_1
1 N 2
+1 i+1
5 Z [ wz—i—l] Wi— 1]) (bizj+1 n+1 +sz 14 +bz 1z> :|
i,j=

\V] \

N
2
Z +1 j+1 1
[ wij+1 — 'wij—l) (biszrl + biwl ‘” + bj ]) ]

z 12 i—14
i,j=1

N N
2 2 jj+1
Z [(wit1j — wij + wij = wi1z)? + (wijn — wij +wig —wij—1)*] +4 Y (bu+1 )

2,

1,j=1

N
92 16
=2 Z (wit1j — wig)* + (wij1 — wi;)?] +4 Z (bfzjill> < g Enld).
j=1 3,j=1
Therefore,
h2
[02] < Ep(0).

This estimate combined with (A.27) prov1de inequality (4.7).
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