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1. Introduction

Boundary controllability of the wave equation:

(

' — Au=0 forreQ, t>0

u(t,z) =0 fort > 0, andz € I'y

{ u(t,x) =v(t,z) fort>0, andx € I'y (1)
u(0,2) =u'(z) forz e

v (0,2) = ul(x) forz e

\

Problem: GivenT > 0 and (v, u') € L*(Q) x H~1(Q) find a control functionv €
L*(Ty x (0,T)) such that
u(T,-) =u(T,) = 0. (2)



Two necessary conditions:

1. Time Ty must be sufficiently large

2. I'ys; must satisfy a geometric condition: no trapped rays

Theorem If the above conditions hold then the system is controllable

Problem Find a numerical approximation of the control.



Remark: In general, any discrete approximation of the wave equation produces numerical
dispersion for the high frequencies.

The dispersion phenomenon may change the properties of the continuous model.

Example: Consider a uniform space mesSh< z; < 9 < ... < zy41 = 1 and the
following semi-discretization of the 1-d wave equation

Wi (t) +wjq1(t) — 2u;(t)
ul(t) — ~fh2 L=

When considering solutions of the form = ¢'¢*i=*) we obtain

wul€) = %= sin(€h/2), €€ [~m/hm/H

Then, the group velocity
d

d_éwd<§> = cos ((h/2) — Owhené — 7 /h

Thus, the velocity of propagation of some numerical waves becomes snmal-as



2. HUM Method (J.-L. Lions)

J Hy(0,1) x L*0,1) — R

J (wy, wr) / /F2 O]’ Jr/ Y(@)w'(0,2)dw — (u', w0, ‘)>_1,1

(w, w") being solution of the homogeneous backward equation

(W' — Aw =0 forreQ, t>0

u(t,r) =0 fort > 0, andz € 952
w(T,z) =wh(x) forz e
w'(T, z) = wh(z) forz e

(3)

\

Assume that7 has a minimizef@Y., @}). If (@, @') is the corresponding solution df|(3)
with initial data (w7, wy) thenv = 9, @,|p, is the control of minimalZ*—norm (HUM
control).

T
TheoremAssume thatv;,(0) < C/ / (0,w)? thenJ has a minimizer. Moreover
)

100l 2 < Cll(W”, u') ]| 2
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Main question: How to discretize the controlled system, the adjoint system and the
functional 7 to obtain:

e Existence of the discrete contrg).
e Boundedness of the sequenieg);-q in L*(0,T).

e Convergence of the sequeneg);-( to a control of the wave equation.
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3. Mixed finite elements 1-D

Space semi-discretizatiolN € N*, h = ﬁ rj=gh,0<7<N+L

Main idea:

k
u = Z Uy Ok, U = Zvlhf%{:

:E—l‘j_l

if v € (x;_1,2)) :

R I Yoifr e (zi1,2500)
‘ _ Tit1—T . _ _ 2 J—Ly&g+1)s
pj(@) —8 i xo teh e[f{/\;izgl) ’ ¥j(x) { 0 otherwise.



Continuous system

u(t, 2) — U (t,x) = 0 forz € (0,1), t >0
(t

u(t,0) =0, u(t,1) =ov(t), fort >0
u(0,2) = u’(x), v'(0,2) =ul(z) forz e (0,1).

Finite difference semi-discrete system (FDS)
( 1
up(t) = 0, un1(t) = vn(t), for¢ >0

L u;(0) = u?, u’(0) = u; for1 <j <N.

(w1 () + w1 (t) —2ui(t)) =0 for1 <j <N, t>0

7\

Mixed finite element semi-discrete system (MFES)

( h 1 ,
1 20 (t) +ulf (8) + ), (t)] — - [wjs1(t) +u;1(t) — 2u;(t)] =0 for1 <j< N, t>0
Y wo(t) = 0, unsi(t) = vn(t), for t > 0
forl1 <j <N.

L u;(0) = UE) u}(0) = uj
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Dispertion analysis:

wl€) = tan(€h/2), €€ [~m/h,m/h)

Group velocity:
d

d_§w€<€) — 1+ tan® (€h/2), § € [=n/h,m/h]
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Observability inequality: GivenT > 2, there exist¥’, independent of,, such that

g < [ (o) +Sunn?] @)
where 2]

wj1(t) — w;(1)
h

B (1) = gzNj U wha(t) + (1) ‘ N
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Theorem(A. E. Ingham, 1936) Let\, ).z be a sequence of real numbers and- 0 be
such that

Mgl — Ay >y >0, Vne€LZ. (5)
For any reall” with
2
7> (6)
g

there exists a positive constarit(7’,v) > 0 such that, for any finite sequenge,),.cz,

2
E :anez)\nt

nez

T
dt. (7)
0

ClZ’an ‘QS/

nez

e In the mixed finite elements case

2
Vpa1(h) — vp(h) = nzm2 —>C, n.
COS(

e In the finite differences case

2 2 1
Ai1(h) — An(h) = Esin (%) COS << n—|—2 >7Th> ~ h asn ~ h L.
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(W ul) =Y agd”,  (Uy,Up) = > afyenlh). (8)

n#0 1<|n|<N
Theorem (S. Micu and CC)If the sequenceU}, U} )~ of discretizations of the initial

data(u, u') verifies
(%) ~ (%) whenh — 0in 2 (9)
AL nwi) .

then the sequences;,);,~o and(hv} )~ are uniformly bounded i.?(0, T') and there exists
a subsequence (denoted in the same wayyaad.?(0, T') such that

v, — vin L*(0,T)

: 1
hv, — 01in L*(0,T). (10)
Moreover, the limit is the HUM control of the continuous equation.

Theorem If the sequencelU}, U}!),~¢ of discretizations of the initial data.", u') verifies

(ﬂ) ﬁ<%’) whenh — 0in ¢2 (11)

o :
A A nmi

then the sequence of contrdls,);~, converges strongly in?(0,7') to v.

August, 2005 Benasque



Experiment 1:

L I I I I I L
5 10 15 20 25 30 35 40 45

N

FDS: N versusog(||lvallr2¢07))- At/h = 0.9 (dots),0.7 (circles),0.5 (crosses)).3 (squares).
T =24.
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MFES:

Control

h 1/64 1/128 1/256 1/51]
CGiter.| 3 3 3 3
lonllz2 | 0.5274 0.5271 0.5273 0.5272

Y

Numerical results with MFES antit/h = 0.9.
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Experiment 2




Mixed finite elements 2-D (S. Micu, A. Munch and CC)

(wy — Au=0, (z,y) € (0,1) x (0,1), t € (0,T)
w(0,y:t) = u(z,0;t) = 0, ze(0,1), ye(0,1) te(0,T)
¢ ull,yst) = f(1), te(0,7)
u(x, 1;t) = g(t), te(0,7T)

| ulz,0) =u(z,y),  w(z,0)=u'(z,y), (z,y) € (0,1)x(0,1)

GivenT > 0, find f, g such that

u(z,y; T) =u(x,y; T) =0
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Main idea:

The corresponding homogeneous adjoint system is

(1,2

/! /! !/ /! /! /! /! /! /!
6 <4wij + 2wy + 2w + 2w F 2w F Wi Wi R Wt wz’—lj—l)

1
+§ (Bwij — Wit1j — Wim1j — Wijs1 — Wij—1 — Wit1j41 — Wit1j—1 — Wi—1j+1 — Wi—1j-1) = 0,

wip = win1 =0, 2=0,....,N+1
w()j:’LUN_|_1j:O, 7=0,.... N+1

wii(T) = wy;, wi;(T) =wj;, for0 <i,j < N+1.
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Mixed finite elements
2
we(f) - iﬁ\/

tan® (Ch/2) + tan? (nh/2) + gtan2 (Ch/2) tan? (nh/2),




Observability

\j:o i=0
[Z [w; () + Z win(t)|* | dt > CE(t)

2

h

?1)( —wi,j@))ﬁ ! (wm,m —wi,j<t>>2
Ay ()

August, 2005

Benasque



Time discretization:

Mu" + Ku =0

e EXxplicit:
Murtt — oMk + MyF—!

N — KuF

Stability under CFL
e Implicit (Newmark with~y = 1/2, g = 1/4):

MuFtt — oM + MyF! B KUkH + 2uP 4+ 1
At? B 4

Inconditionally stable.
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1-D wave equation with mixed finite elements

0 ¢h

w(§) = A taﬂ(;)

e Explicit: CFL implies

e Implicit:

2 . [ At w?,(&)
w(f) — A—tarcsm ( 5 \/1 N %wﬂ(f))

IVew(§)|] > Cif At < ch
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2-D wave equation with mixed finite elements

e Explicit: CFL implies

e Implicit:
IVew(©)|| > Cif At < ch??



