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1. Introduction

Linear PDE: P(0%,0z)u = O.

Characteristic equation: P(\,i&) = 0.

A = A(i€): Dispersion relation

Dissipative structure:

e Dissipativity:

Re\(i¢) <0 for any €&.

e Strict dissipativity:
ReA(i€) <0 for any £ # 0.

cl¢|?
1+ [€]2

cl¢|?

Type (I): Re)(i) < —

Type (II): Re)(i€) < — 1+ P2



cl¢|?

Type (I): ReA(i) < — T+ g2

e General framework:

O Symmetric hyperbolic systems
O Symmetric hyperbolic-parabolic systems

o T. Umeda, S. K & Y. Shizuta (1984)
o Y. Shizuta & S.K (1985)

¢
(14 (¢%)?

For Type (II), A(2€) may approach the
imaginary axis ReX = 0 for |£]| — oo.

Type (II): Re)(i¢) <

e Decay at the consumption of regularity:
O Dissipative Timoshenko system
o J.E.M. Rivera & R. Racke (2003)
o K. Haramoto & S. K (2005)
e Difficulty in nonlinear problem:
o T. Hosono & S. K (2005)



Aim :

e To survey the general theory for Type (I).

e [0 study the dissipative Timoshenko
system as an example of type (II).

{’wtt — (wz — )z =0,
Vit — a® Yoz — (Wz — ) + vy = 0,

where a, v > 0 are constants.

e [0 study a simple nonlinear model
system as an example of type (II).

ur + <U2/2>$+Qx =0,
(07 — 92 + 1)g 4 uz = 0.

a modified radiating gas model



2. General theory for type (1)

Example 1. Dissipative wave equation
(hyperbolic type):

dtt — Gz + Pt = 0,

which is equivalent to

v — ugx = 0,
ut_va?_l_u:O)

where u = ¢4, v = ¢z.

Example 2. Compressible Navier-Stokes
equation (hyperbolic-parabolic type):

vy — ugr = 0,
Ut — Vg — ’U,g;aj,
which is equivalent to

Ott — Pzx — Prat = 0O,

where u = ¢4, v = ¢y .




Example 3. Radiating gas model
(hyperbolic-elliptic type):

{ut+qx=o,

—qm-l—q-l-ua:=0,

which is equivalent to

Ot — QPzz — Pxat = 0,

where g = ¢4, u = —¢y.



Symmetric hyperbolic systems:

n
APus+ Y Alug; + Lu =0, (1)
j=1

where u = u(x,t): m-vector function of
x=(x1,---,zn) € R" and ¢t > 0.

(a) AQ is symmetric and positive definite,
(b) AJ is symmetric for any j,

(c) L is symmetric and nonnegative definite.

Take the Fourier transform:
A%, + i|¢|A(w)a + La = 0, (2)
where
n .
Aw) = Alw;, w=¢/l¢le s
j=1
e Dispersion relation A = A\(i):

det(AA® + A(i¢) + L) = 0.



Dissipative structure:

Stability condition: Let u € R, ¢ € R™,
we S 1 and let pA% 4+ A(w)p = 0 and
Lo =0. Then ¢ = 0.

Condition (K): There exists K(w) with
the following properties:

(i) K(w)A9 is skew-symmetric.
(i) [K(w)A(w)]"+ L is positive definite,

where [X]’ is the symmetric part of X.

Theorem 1. (Shizuta & S. K. (1985))
The following four conditions are equivalent.

(a) Stability condition.
(b) Condition (K).

(c) ReX(i€) < — 1C for any £ € R".

(d) ReA(i&) < O for any &£ # 0.



Lyapunov function:

> [4] + /(I — P)ul* < 0,

where P is the orthogonal projection onto
the null space N(L).

Energy estimate:

t
lu(®) 12 + /O [0su(r) 1201+
+ |(I = P)u(r)||%s dr < Cllugl|%s,
where s > 1.

e Dissipative estimate without loss of
regularity



Decay estimate:

2 plal+en(©)Bla] <o,

where 7(¢) = [£]2/(1 + [¢[).

Theorem 2. (Umeda, S. K. & Shizuta (1984))
Under the stability condition,

G, )| < Cem MO Ty (&), (3)
where n(¢€) = [¢[2/(1 + [¢]2).

Corollary. (Umeda, S. K. & Shizuta (1984))
Under the stability condition,

|0ku(t)|| 2 < Ce™ e ||0Fug| 2+

+C(1 + )42 ug]| 1, (4)
where k > 0.

e Decay estimate without loss of regularity



3. Dissipative Timoshenko system

Dissipative Timoshenko system.:

{wtt — (wg — ¥)z = 0, (5)
Vit — a2 Yrw — (wz — ) + y1pr = 0,
where a > 0, v > 0 are constants.
The equivalent 1st order system is
(ut — v = 0,
=0 (6)
v —ugz +y =0,
\yt—anx—v—l—'yyz 0,

where
U =— we, /U:wCC_wa y:¢t> Z=¢a:

The system is written as

AU, + AU, + LU = 0, (6")



where

w 1
U= |"* AQ = a®
v |’ 1 ’
(7 1
0 01 0 00 O
o 0 0 a2 oo o
A__1000’L_ooo
0 a2 0 O 00 —1

Claim. L is not symmetric but satisfies
the stability condition: If pA% 4+ Ap =0
and Ly = 0, then ¢ = 0.

Dissipative structure:

&2

eIfa=1, Re\(&) < — 2

c& 2

oeIfa#1, ReMit)<— NS

2L = OO0



When a # 1, the asymptotic expansion of
A1) for [£| — oo is:

A(i€) = +if +

2(a21 )<i€)_1+

—2 -3
ey O 7 + 03 ™),

A(i€) = £ ai€ — 5+ 0(1gl ™)

Lyapunov function: When a # 1,

E[U] = (AU, U) +

1 +£2
+ 1:‘?22 Re (it + i72) |.
where a1, a> > 0 are small constants.
o  ~ ~
—E[U]+cF[U] <0,
ot
where
~ £2 R R
F[U] = ([a*+121%) + 512+ [91%.

(1+¢2)? L +£2



Energy estimate: When a # 1,

t
o /O 102 (s 2) (P2, o+

+ (N2 o1 + Iy (DZs dr < Cl|Uo|Zs,

where s > 2.
e Dissipative estimate with loss of regularity

Decay estimate: When a #= 1,

2 BLO+ en(©BIT] <0,

where p(&) = £2/(1 4 ¢2)2.

Theorem 3. (Haramoto & S. K (2005))
When a #= 1,

T (&, 1) < Ce™ PO T5(8)), (7)

where p(&) = £2/(1 4 ¢2)2.



Corollary. (Haramoto & S. K (2005))
When a #= 1,

1OFU () || 12 < C(1 + ) 2|0k T ug]| 2+

+C+ )" V4R2) U 14, (8)
where k, £ > 0.

e Decay estimate only at the consumtion
of regularity

Proof of Corollary. We have

[0k ()2, = / £[2R|T (e, )2 de

< O |¢|2ke PO Tg(€)|2 de

= Jer®
<t el

= 11 + I».



Low frequency term I is the same as before.

L<c / £[2Re—CléPt 1T ()2 de
1€1<1

~ . 2
< C sup |To(&)[? / €[ 2kl ge
1£1<1 1€1<1

<+ V2HU3,.

High frequency term I, can be estimated as

I<C / £[2ke= €750 (&2 de
€|>1

e—ct/[¢]2
< C sup

g1 € /|£|>1|€|2(k+£)|ﬁo(€)l2d§

<@+t ekt U2,

This shows the desired estimate (8).



4. Simple nonlinear model

Modified radiating gas model:
u + (’UJ2/2)$ + gz = 0,

(9)
(07 — 02 + 1)g+ uz = 0.

Dissipative structure:

Linearization gives
ut + gz = 0,
(0 — 02+ 1)qg+ uzs = 0.

Take the Fourier transform and eliminate gq:

e Dispersion relation:

where p(€) = £2/(1 + &2 + £4).



Decay estimate:

The associated semigroup:
etAgo = f_le_p(g)t]:go.
Claim:
|05 el 2 < L+ 1) 205 el 2+

+C( + )74 R2) ||, (10)
where k, ¢ > 0.

Difficulty in nonlinear problem:

e Standard energy method gives

d . .k 42 k_ 112 NI
10zl Z2 + 21105all72 < Cllue|| pollOgul 72,
(11)

where kK > 0 (when k£ = 0, we have the
equality with zero right hand side).



This yields energy estimate

t
lu()|2rs + 2 Ng(P) |2 sp0 dr
0 H

t

2 2
< |luollgs +C ; luz| Lool|Ozul| Fps—1 dT.

e However, dissipative estimate (with loss
of regularity)

t t
2 2
[ Nosul 2dr < C [ Nalpodr
0 0
CAN NOT control the nonlinearity.

e Also, optimal decay

ug(t) || oo < C(1 4 ¢)71

is NOT integrable in t, so that it is NOT
sufficient to control the nonlinearity.



Global existence:

e Energy method with weight

14+t o= —-1/2 (negative!)

combined with the optimal decay for
|uz||c Can prove the global existence.

Theorem 4. (Hosono & S. K (2005))
If ug is small in HSN L1, where s > 7,
then there exists unique global solution
u(t) suth that

10 u(t)]| ;2 < C(1 + )~ L/4=F/2,
where £k =0, 1, 2.



A priori estimate:

E(t): energy D(t): dissipation
M(t): optimal decay
[s/2]

E(t)? = Zsuo(1+f)” 2|1 00u(m)|12,s 2,

[3/2]
D(t)2 = / (1 + 7)93/2| (7)o dr
=0

J=

M(t) = Z sup(1 + 7)L/4 /2|1 00u(r)| 2
7'<t
Proposition 1. Let s > 0.

E(t)* + D(t)* < Cllug||7s + CM(£)D(t)>.

Proposition 2. Let s> 7.

M(t) < C(lluollpr + lluoll gs)
+ CM @)%+ CMQ)E(R).



Proof of Proposition 1:

Multiply (11) by (1 4+ ¢)%. Integrate in ¢.
t
(14 )*||05ul|75 + 2 (+ 7)*||05q|12,5 dr

t
< ||05ugllZ2 + S+ )| 0Ful|2, dr

e Ot<1 )| el 92 i
where k£ > 0, o € R.
Step 1. Put a=-1/2. Add for 0 <k <s.
(1+6) 12 |ul|Z +/Ot(1 + 7)1 2||q)12) 40 dT+

t
+/O (1 4 7)73/2||u|| % dr < C|lug||%s+

t
+Cf 4+ )2 g | oo lul s dr

< CM(H)D(t)2




t
/O (1 + )" Y2 0,ul|2,,_,dr

t
<c) @ +7) 2 gl o dr < -

where s > 2.

Step 2. Puta=1/2. Add for 1 <k <s—1.
t

(14 Y202, » + /O (14 7)2)02q)| % dr

t
< O|0zug|?s 2+ C NCE )" Y2)|00ul2,, 5 dr

t
+c/o (1 + 7)Y | oo [ Ora][ 2 i

< CM(H)D(t)2

t
/0(1 +7)Y2)|02u)2,,_, dr

t
< c/ (1 4+ 7)20aq|| 2 dr < --- |
@)

where s > 4.,



Proof of Proposition 2:

Rewrite euation (9) as

¢
u(t) = etug + / =149, 4(r) dr.
0
where g = —u?/2. Apply (10).

|8ku(t) (12, < C(1 4+ )71/ 47R/2)jug | 1+

+ 01 + )~ kFD/2) g2k + 10| o4
t/2
+ c/ (L4t —7)"3% k2 gl 1 dr
0

t/2
+ c/ 1+t — )~ kFD/2) 92620, gr
0

t

+C[ (A4t—7)"3* 0kl 1 dr
t/2
t

+of @+t—r)"2)0E g 2 dr.
t/2

Optimal decay for 0 <k <[(s—1)/2] -1
(2k+ 2 <s—1). This requires s > 7.



