
PDE, Optimal Design and Numerics

Benasque, August 29 - September 9, 2005

Some problems in control and stabilization of fluid
flows

Jean-Pierre Raymond, Université Paul Sabatier, Toulouse
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Boundary feedback stabilization of the incompressible N.S.E.

Consider a stationary solution

−∆zs + (zs · ∇)zs +∇χ = f , in Ω,

div zs = 0 in Ω, zs = us on Γ.

Assume that zs is an unstable solution of the instationary N.S.E.

∂z
∂t
−∆z + (z · ∇)z +∇q = f , div z = 0 in Q,

z = us on Σ, z(0) = zs + y0 in Ω,

and |z(t)− zs|L2(Ω) −→∞ as t −→∞.
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The stabilization problem

Find u in feedback form s.t. |z(t)− zs|Y −→ 0 as t −→∞,

where

∂z
∂t
−∆z + (z · ∇)z +∇q = 0, div z = 0 in Q,

z = us +Mu, z(0) = z0 in Ω.
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The physical phenomenon Re = UD/ν, D = 10cm, U = 1m/s

Re < 5 Regime of unsepareted flow

5 < Re < 50 A fixed pair of vortices

50 < Re < 150 Vortex street
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The stabilization problem

For an initial condition z0 close to zs, we look for u (in a feedback

form) so that

|z(t)− zs|Y −→ 0 as t→∞.
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The method

• Find a feedback law for the linearized equation by minimizing a

quadratic functional.

• Prove that the solution to the nonlinear closed loop system

exponentially decays.

The difficulties

• The Stokes and of the L.N.S.E. with boundary conditions s. t.∫
Γ

u(t) · n = 0 but u(t) · n 6= 0.

• Choose a Linear-Quadratic control problem so that the feedback

law be able to ’control’ the nonlinearity of the N.S.E.
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The nonlinear and the linearized equation

Set y = z − zs. We look for u(t) = Ky(t) such that if |y0|Y =
|z0 − zs|Y ≤ µ, then the solution y of

∂y
∂t

−∆y + (zs · ∇)y + (y · ∇)zs + (y · ∇)y +∇q = 0,

div y = 0 in Q, y = Mu on Σ, y(0) = y0 in Ω ,

obeys

|y(t)|Y = |z(t)− zs|Y −→ 0 as t→∞,

if

|y0|Y = |z0 − zs|Y ≤ µ.
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The Stokes equation with non homogeneous boundary
conditions

Known results when u · n = 0

G. Grubb, V. A. Solonnikov, Math. Scand. 91,

u ∈ Hs,s/2(Γ× (0, T )), s ≥ 1, small data for N.S.E.

G. Grubb, J. Math. Fluid. Mech. 01,

u ∈ Hs,s/2(Γ× (0, T )), s > 0 for Stokes.

V. Barbu, I. Lasiecka, R. Triggiani, 2005, s=0.
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Known results when u · n 6= 0 and
∫
Γ
u · n = 0

A. Fursikov, M. D. Gunzburger, L. S. Hou, SICON 98, 2D,

u ∈ L2(0, T ;H1/2(Γ)), γτu ∈ H1/4(0, T ;L2(Γ)), γnu ∈
H3/4(0, T ;H−1(Γ)).

A. V. Fursikov, M. D. Gunzburger, L. S. Hou, Trans. A.M.S. 01,

J. Math. Fluid. Mech. 02, 3D

Stokes: u ∈ L2(0, T ;H1/2(Γ)), γτu ∈ H1/2(0, T ;H−1/2(Γ)),
γnu ∈ H3/4(0, T ;H−1(Γ)).

For NSE: u ∈ H1(Γ× (0, T )) with small data.
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The Helmholtz decomposition

V0
n(Ω) =

{
y ∈ L2(Ω) | div y = 0, y · n = 0 on Γ

}
,

L2(Ω) = V0
n(Ω)⊕ gradH1(Ω),

V1
0(Ω) = {y ∈ H1

0(Ω) | div y = 0 },

P : L2(Ω) 7−→ V0
n(Ω).
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The Stokes equation with a Dirichlet control: u(t) · n 6= 0

Due to the incompressibility condition∫
Ω

div y =
∫

Γ

y · n = 0.

We want to solve the Stokes equation for

u ∈ V0(Γ) =
{
y ∈ L2(Γ) |

∫
Γ

y · n = 0
}
.

Therefore we look for y(t) in

V0(Ω) =
{
y ∈ L2(Ω) | div y = 0, 〈y · n, 1〉 = 0

}
.
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The transposition method for the Stokes equation

A function y ∈ L2(0, T ;V0(Ω)) is a weak solution to the Stokes

equation if ∫
Q

yg =
∫

Σ

(
− ∂Φ
∂n

+ ψn
)
u +

∫
Ω

y0Φ(0)

for every g ∈ L2(0, T ;V0(Ω)), where (Φ, ψ) is the solution to

−∂Φ
∂t

−∆Φ +∇ψ = g, div Φ = 0 in Q,

Φ = 0 on Σ, Φ(T ) = 0 in Ω.

Drawback: No information neither on the pressure nor on Py.
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A new approach. The Dirichlet operator

(D,Dp) : V0(Γ) 7−→ V0(Ω)× L2(Ω)/R,
u 7−→ (w, q),

where

−∆w(t) +∇q(t) = 0 and div w(t) = 0 in Ω, w(t) = u(t) on Γ.

We set

y = z + w.
Equation satisfied by z:

∂z
∂t

= ∆z +∇q −∇p+ w′, div z = 0,

z = 0 on Σ, z(0) = y0 −w(0).
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We show that

Py′ = APy + (−A)PDu, Py(0) = y0.

(we have to extend the semigroup to (D(A))′)

What is the equation satisfied by (I − P )y ?

(I − P )y(t) = (I − P )w(t) = (I − P )Du(t).

The system satisfied by y is finally :

Py′ = APy + (−A)PDu, Py(0) = y0,

(I − P )y = (I − P )Du = (I − P )Dγnu.
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Theorem. Assume that y0 ∈ V0
n(Ω). A function y ∈

L2(0, T ;V0(Ω)) is a weak solution to the Stokes equation in the

sense of the transposition method iff y satisfies the system:

Py′ = APy + (−A)PDu, Py(0) = y0,

(I − P )y = (I − P )Du = (I − P )Dγnu.

Theorem. For all y0 ∈ V0(Ω) and all u ∈ L2(0, T ;V0(Γ)) the

Stokes equation admits a unique weak solution in L2(0, T ;V0(Ω)).
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This solution obeys

‖Py‖L2(0,T ;V1/2−ε(Ω)) + ‖Py‖H1/4−ε/2(0,T ;V0(Ω))

+‖(I − P )y‖L2(0,T ;V1/2(Ω))

≤ C(‖y0‖V0(Ω) + ‖u‖L2(0,T ;V0(Γ))) for all ε > 0.
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If moreover u belongs to Vs,s/2(Σ) then

‖(I − P )y‖L2(0,T ;Vs+1/2(Ω)) + ‖(I − P )y‖Hs/2(0,T ;V1/2(Ω))

≤ C(‖y0‖Vs−1/2∨0(Ω) + ‖u‖Vs,s/2(Σ))

If u belongs to Vs,s/2(Σ) and y0 ∈ Vs−1/2∨0(Ω), with 0 ≤ s < 1
then

‖Py‖L2(0,T ;Vs+1/2−ε(Ω)) + ‖Py‖Hs/2+1/4−ε/2(0,T ;V0(Ω))

≤ C(‖y0‖Vs−1/2∨0(Ω) + ‖u‖Vs,s/2(Σ)) for all ε > 0.
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If u belongs to Vs,s/2(Σ), with 1 < s ≤ 2 and if y0 et u(0) obeys

the compatibility condition

P (y0 −Du(0)) ∈ Vs−1/2
0 (Ω) if 1 < s ≤ 3/2,

and

P (y0 −Du(0)) ∈ Vs−1/2
0 (Ω) ∩V1

0(Ω) if 3/2 ≤ s ≤ 2,

then the above estimate is satisfied. If moreover

(I − P )(y0 −Du(0)) ∈ Vs−1/2(Ω)

then y(0) = y0.

– Typeset by FoilTEX – 19



Other results.

• G. Grubb, 2001. We can take ε = 0 if γnu = 0.

• Fursikov, Gunzburger, Hou, 2002. If γnu ∈ L2(0, T ;V1/2(Γ)) ∩
H3/4(0, T ;V−1(Γ)) then the solution belongs to

V1(Q) ⊂ W(0, T ) =
{
y ∈ L2(0, T ;V1(Ω)) | y′ ∈ L2(0, T ;V−1(Ω))

}
.

• J.P.R., 2005 If γnu ∈ L2(0, T ;V1/2(Γ)) ∩ H1/2(0, T ;V−1/2(Γ))
then the solution belongs to

W(0, T ) =
{
y ∈ L2(0, T ;V1(Ω)) | y′ ∈ L2(0, T ;V−1(Ω))

}
.
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The Navier-Stokes equations with non homogeneous boundary
conditions

G. Grubb (01) Existence of solutions for small data and when

γnu = 0, u ∈ H1,1/2(Σ).

Fursikov et al. (02)

If N = 3, if u belongs to

V1,1(Σ) =
{
u ∈ L2(0, T ;V1(Γ)) | u ∈ H1(0, T ;V0(Γ))

}
,

and if

‖y0‖V0(Ω) + ‖u‖V1,1(Σ) is small enough,

+ C.C., then the N.S.E. admits a unique solution belonging to

W(0, T ).
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J.P.R. (05)

If N = 3, if u belongs to

V1,1(Σ) =
{
u ∈ L2(0, T ;V1(Γ)) | u ∈ H1(0, T ;V0(Γ))

}
,

and y0 ∈ V0
n(Ω), then the N.S.E. admits a weak solution belonging

to Cw([0, T ];V0(Ω)) ∩ L2(0, T ;V1(Ω)).
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Feedback stabilization of the N.S.E.
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Optimal control problem

(P) inf
{
J(y,u) | (y,u) obeys the L.N.S.E.

}
,

y′ = Ay + F ′(zs)y +Bu in (0,∞), y(0) = y0,

J(y,u) =
1
2

∫ ∞

0

∣∣∣Cy
∣∣∣2
L2(Ω)

+
1
2

∫ ∞

0

∣∣∣u∣∣∣2
U
.

Existence of admissible solutions (Internal null controllability)

O. Yu. Imanuvilov, COCV, 2001

Fernandez-Cara, Guerrero, Imanuvilov, Puel, JMPA 2004

V. Barbu, R. Triggiani, Internal stabilization of the N.S.E., 2004

A. Fursikov, DCDS, 2004.
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There exists an operator Π ∈ L(V0
n(Ω)), or Π ∈ L(Y(Ω), (Y(Ω))′)

with

Y(Ω) ↪→ V0
n(Ω) ↪→ (Y(Ω))′,

satisfying Π = Π∗ ≥ 0, and such that

J(yy0,uy0) =
1
2
(Πy0,y0)V0

n(Ω) for all y0 ∈ Y(Ω).

Three methods

The Lyapunov function method (B.L.T.), the smoothing observation

method (JPR), the method using an extended system (M. Badra).
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The Lyapunov function method. Choose J so that

y0 7−→
(
Πyy0(t),yy0(t)

)
L2(Ω)

be a Lyapunov function – in L2(Ω) – for the closed loop nonlinear

system, i.e.

d
dt

(
yy0(t),Πyy0(t)

)
+ γ
(
yy0(t),Πyy0(t)

)
≤ 0 t ≥ 0, γ > 0.

The smoothing observation method. Choose J so that Π
be a smoothing operator. Prove some regularizing properties for

(AΠ, D(AΠ)). Use these regularity results to prove that the solution

to the the closed loop nonlinear system exponentially decays.
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V. Barbu, COCV, 2003 N = 3, Internal control, B = χω,

J(y,u) =
1
2

∫ ∞

0

∣∣∣(−P∆)3/4y
∣∣∣2
L2(Ω)

+
1
2

∫ ∞

0

∣∣∣u∣∣∣2
L2(ω)

.

The equation satisfied by Π is

ΠAzs +A∗zs
Π−ΠBB∗Π + (P (−∆))3/2 = 0, Π = Π∗ ≥ 0.
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V. Barbu, I. Lasiecka, R. Triggiani, AMS, 2005, N = 3, with a

boundary control acting everywhere on Γ and satisfying

u(t) · n = 0,

choose the functional

J(y,u) =
1
2

∫ ∞

0

∣∣∣Cy
∣∣∣2
L2(Ω)

+
1
2

∫ ∞

0

∣∣∣u∣∣∣2
L2(ω)

with ∣∣∣Cy
∣∣∣
L2(Ω)

≈
∣∣∣y∣∣∣

V3/2+ε(Ω)

The equation A.R.E. satisfied by Π is only satified on D(AΠ).
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Feedback boundary stabilization of the
Linearized N.S.E.
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The optimal control problem

Minimize J(y,u) =
1
2

∫ ∞

0

∫
Ω

|y|2 +
1
2

∫ ∞

0

∫
Γ

|u|2

∂y
∂t

−∆y + (zs · ∇)y + (y · ∇)zs +∇q = 0,

div y = 0 in Q, y = Mu on Σ, y(0) = y0 in Ω .

For simplicity, take zs = 0 and M = I, that is

Py′ = APy + (−A)PDu = APy +Bu, Py(0) = y0,

(I − P )y = (I − P )Du.
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We transform the functional

J(y,u)

=
1
2

∫ ∞

0

∫
Ω

|y|2 +
1
2

∫ ∞

0

∫
Γ

|u|2

=
1
2

∫ ∞

0

∫
Ω

|Py|2 +
1
2

∫ ∞

0

∫
Ω

|(I − P )y|2 +
1
2

∫ ∞

0

∫
Γ

|u|2

and

|(I − P )y| = |(I − P )Du| = |(I − P )Dγnu| .
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Setting

R = D∗(I − P )D + I,

we have

J(y,u) =
1
2

∫ ∞

0

∫
Ω

|Py|2 +
1
2

∫ ∞

0

∫
Γ

(|R1/2un|2 + |uτ |2)

=
1
2

∫ ∞

0

∫
Ω

|Py|2 +
1
2

∫ ∞

0

∫
Γ

|R1/2u|2.
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The control problem is now

Minimize

I(y,u) =
1
2

∫ ∞

0

∫
Ω

|Py|2 +
1
2

∫ ∞

0

∫
Γ

|R1/2u|2

Py′ = APy + (−A)PDun + (−A)Duτ = APy +Bnun +Bτuτ ,

Py(0) = y0, (I − P )y = (I − P )Du.

The value function is

1
2

(
Πy0,y0

)
V0

n(Ω)
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The optimal solution is characterized by

Py′ = APy +Bnun +Bτuτ , Py(0) = y0,

(I − P )y = (I − P )Du,

Φ(t) = ΠPy(t),

−Φ′ = AΦ + Py, Φ(∞) = 0,

un = −R−1B∗nΦ, uτ = −B∗τΦ,
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which is equivalent to

Py′ = APy +Bu, Py(0) = y0,

(I − P )y = (I − P )Du,

Φ(t) = ΠPy(t),

−∂Φ
∂t

−∆Φ +∇ψ = Py, div Φ = 0 in Q,

Φ = 0 on Σ, Φ(∞) = 0 in Ω,

u =
∂Φ
∂n

− ψ n + c(Φ, ψ)n

c(Φ, ψ) = − 1
|Γ|

∫
Γ

(∂Φ
∂n

− ψn
)
· n .
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We can prove that Π is the solution to the ARE

ΠA+A∗Π−ΠBτB
∗
τΠ−ΠBnR

−1B∗nΠ + I = 0, Π = Π∗ ≥ 0.

Bτ = (−A)Dγτ , B∗τ = γτD
∗(−A),

Bn = (−A)PDγn, B∗n = γnD
∗(−A),

D∗g = −∂w
∂n

+ πn− c(w, π)n,

−∆w +∇π = g, divw = 0, w = 0 on Γ.
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Studying the regularity of the optimal pair, we prove

Π : y0 7−→ Φ(0),

Π ∈ L(V0
n(Ω);V2(Ω) ∩V1

0(Ω)),

Π ∈ L(V1/2−ε
n (Ω);V5/2−ε(Ω) ∩V1

0(Ω)), 0 < ε ≤ 1/2,

B∗Π ∈ L(V1/2−ε
n (Ω);V1−ε(Γ)), 0 < ε ≤ 1/2,

where

B∗Πy0 =
∂Φ
∂n

(0)− ψ(0)n + cn.

The semigroup (etAΠ)t≥0 is exponentially stable in V0
n(Ω) and in

V1/2−ε
n (Ω).
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Stabilization of the Navier-Stokes equations

Find u s.t. |y(t)|V1/2−ε(Ω) = |z(t)−zs|V1/2−ε(Ω) −→ 0 as t −→∞,

where

∂y
∂t

−∆y + (zs · ∇)y + (y · ∇)zs + (y · ∇)y +∇p = 0, in Q,

div y = 0 in Q, y = u on Σ, y(0) = y0 = z0 − zs in Ω.

We set

Azsy = ∆y− (zs · ∇)y− (y · ∇)zs, D(Azs) = V2(Ω) ∩V1
0(Ω),

F (y) = −P (y · ∇)y,
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Bn = (λ0I −Azs)PD, Bτ = (λ0I −Azs)D,

where w = Du is the solution to

λ0w −∆w − (zs · ∇)w − (w · ∇)zs +∇q = 0 in Ω,
div w = 0 in Ω, w = u on Γ.

We rewrite the equation in the form

Py′ = AzsPy + F (y) +Bnun +Bτuτ , y(0) = y0,

(I − P )y = (I − P )Dun.
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Setting

R = D∗(I − P )D + I,

we prove that the algebraic Riccati equation

ΠAzs +A∗zs
Π−ΠBτB

∗
τΠ−ΠBnR

−1B∗nΠ + I = 0, Π = Π∗ ≥ 0,

admits a unique solution Π ∈ L(V0
n(Ω);D((−A∗zs

))).
We set

AΠ = Azs −BτB
∗
τΠ−BnR

−1B∗nΠ and SΠ(t) = et AΠ.

The semigroup

SΠ(t) is analytic and exponentially stable on V0
n(Ω).
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Consider the Navier-Stokes equations with the linear feedback law:

Py′ = AΠPy + F (y), y(0) = y0,

(I − P )y = −(I − P )DR−1B∗nΠPy,

that is

∂y
∂t

−∆y + (y · ∇)y +∇p = 0 and divy = 0 in Q,

y = −DR−1B∗ΠPy on Σ, y(0) = y0.
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Theorem. For all 0 < ε < 1/4, there exists µ0 > 0 and a

nondecreasing function η from R+ into itself, such that if µ ∈ (0, µ0)
and ‖y0‖V1/2−ε

n (Ω)
≤ η(µ), then the above equation admits a unique

solution in the set

Dµ =
{
y | ‖y‖V3/2−ε,3/4−ε/2(Q) ≤ µ

}
.

In particular

limt→∞‖y(t)‖V1/2−ε(Ω) = 0,

and

‖y(t)‖V1/2−ε(Ω) ≤ C(zs, µ).
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Exponential stabilization

To obtain the exponential stabilization We set

ŷ = eωty, û = eωtu.

If
Py′ = AzsPy + F (y), Py(0) = y0,

(I − P )y = −(I − P )Du,
then

P ŷ′ = AzsP ŷ + ωŷ + e−ωtPF (ŷ), P ŷ(0) = y0,

(I − P )ŷ = −(I − P )Dû.
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The 3D case

F (y) = −P (y · ∇)y = −Pdiv(y ⊗ y),

F : V3/2+ε,3/4+ε/2(Q) 7→ L2(0,∞; (V1/2−2ε(Ω))′) ∩ L1(0,∞;V0(Ω))∥∥∥∥∫ t

0

e(t−s)Af(s)ds
∥∥∥∥

V3/2+ε,3/4+ε/2(Q)

≤ C‖f‖L2(0,∞;(V1/2−2ε(Ω))′).
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We consider the LQ problem

Minimize

I(y,u) =
1
2

∫ ∞

0

∫
Ω

|(−A0)−1/2Py|2

+
1
2

∫ ∞

0

∫
Γc

|R1/2
A (t)un|2 +

1
2

∫ ∞

0

∫
Γc

|uτ |2

Py′ = APy + θ(t)Bnûn + θ(t)Bτ ûτ + f ,

Py(0) = y0, (I − P )y = (I − P )DAθu.

Π̂A+A∗Π̂− Π̂BτB
∗
τΠ̂− Π̂BnR

−1
A B∗nΠ̂ + (−A0)−1 = 0, Π̂ = Π̂∗ ≥ 0,
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and for t ∈ [0, T ], Π is the solution of

−Π′(t) = ΠA+A∗Π− θ2ΠBτB
∗
τΠ−ΠBn θ R

−1
A θ B∗nΠ + (−A0)−1,

Π(T ) = Π̂.

The adjoint equation is now

φ̄(t) = Π(t)ȳ(t)

−Φ̄′ = A∗Φ̄ + (−A0)−1ȳ, Φ(∞) = 0.
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Theorem. For all t ≥ 0 and all 0 ≤ ε ≤ 1/2, we have

‖Π(t)‖
L(V1/2−ε

n (Ω),V9/2−ε(Ω))
≤ C,

‖B∗Π(t)‖
L(V1/2−ε

n (Ω),V3−ε(Γ))
≤ C,

‖Π′(t)‖
L(V1/2−ε

n (Ω),V5/2−ε(Ω))
≤ C.

Theorem. If y0 ∈ V1/2+ε
0 (Ω), then the linear feedback law

u(t) = −(B∗τ +R−1
A B∗n)θ(t) Π(t)y(t),

locally stabilizes the 3D N.S.E.
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The longitudinal velocity (J.-M. Buchot)
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The stream function 10s after controlling (J.-M. Buchot)
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Stabilization and controllability of degenerate
parabolic equations

with Jean-Marie Buchot, Patrick Martinez,

Jean-Pierre Raymond and Judith Vancostenoble
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The Physical Problem

The laminar boundary layer is described by the Prandtl equations

� � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � �

δ Epaisseur de la 

couche limite

plaque  plane  <= 0.55m

 

X

Vitesse amont
perturbée

UX

Y

L=1m

0.25

aspirations
0.2
V

oo

T

• U∞(t) = Us
∞ + u∞(t) : Velocity of the incoming flow,

• XT (t) = Xs
T + xT (t) : laminar-to-turbulent transition location,

• vc(t) : Suction velocity through the plate,

• (u(t), v(t)) : Velocity field.
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The stabilization problem

• Us
∞, Xs

T are known.

• We look for vc (in a feedback form) so that xT (t) → 0 as t→∞,

or so that (u(t)− Us, v(t)− V s) → 0.

The controllability problem

• We look for vc so that (u(T )− Us, v(T )− V s) = (0, 0).

Obstruction

• The Prandtl’s equations are stated in an unbounded domain.

– Typeset by FoilTEX – 52



The method

The Prandtl equations are transformed into the Crocco equation

(a nonlinear degenerate parabolic equation) by using the so-called

Crocco transformation

A Linear-Quadratic control problem is stated by linearizing the

Crocco equation, and the observation (the transition location) around

the steady state solution

The feedback law is determined by solving a LQR or a LQG control

problem
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The mathematical results

Existence and uniqueness result for the linearized Crocco equation

(a degenerate parabolic equation)

Existence and uniqueness result for the Riccati equation associated

with the linearized Crocco operator

Feedback formulation of the optimal control

Exact controllability results for a simplified model (Martinez-

Vancostenoble-JPR)
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Method of matched asymptotic expansions

The regular approximation of the NSE leads to the Euler equations.

The singular approximation is obtained with

ξ = x, η =
y√
ε
,

as the boundary layer variables, where

ε =
1
Re
, Re =

U∞L

ν
.
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Prandtl’ equations

∂ξu+ ∂ηv = 0, (0, L)× (0,∞)× (0, T ),

∂tu+ u∂ξu+ v∂ηu− ν∂ηηu = U ′∞,

u(0, η, t) = u1,

u(ξ, 0, t) = 0, v(ξ, 0, t) = vcχγ, u(ξ, η, 0) = u0(ξ, η),

u(ξ, η, t) → U∞ when η →∞.

The Crocco transformation

t = t, x = ξ, y =
u(ξ, η, t)
U∞(t)

, w(x, y, t) =
1

U∞(t)
∂u

∂η
(ξ, η, t).

The transformation is bijective in the domain where ∂u
∂η(ξ, η, t) > 0.
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The Crocco equation

wt + U∞ y wx

+U ′
∞

U∞
(1− y)wy − νw2wyy + U ′

∞
U∞
w = 0, (x, y, t) ∈ Ω× (0, T ),

νwwy(x, 0, t) = vcχγ w − U ′
∞

U∞
, (x, t) ∈ (0, L)× (0, T ),

w(x, 1, t) = 0, (x, t) ∈ (0, L)× (0, T ),

w(0, y, t) = w1(y, t), (y, t) ∈ (0, 1)× (0, T ),

w(x, y, 0) = w0(x, y), (x, y) ∈ Ω.
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Linearized Crocco equation

zt + azx − bzyy + cz = f, (x, y, t) ∈ Ω× (0, T ),

νzy(x, 0, t) = g + vcχγ (x, t) ∈ (0, L)× (0, T ),

bz(x, 1, t) = 0, (x, t) ∈ (0, L)× (0, T ),

z(0, y, t) = z1(y, t), (y, t) ∈ (0, 1)× (0, T ),

z(x, y, 0) = z0(x, y), (x, y) ∈ Ω,

where

f = −yu∞∂xw
s − u′∞

Us
∞

(ws + (1− y)∂yw
s)

g = − U ′∞
wsU∞

.
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The coefficients satisfy:

a = Us
∞y, b = ν(ws)2, c = −2νwsws

yy,

C1|1− y|2σ(y) ≤ b(x, y) ≤ C2|1− y|2σ(y),∣∣∣∂b
∂y

(x, y)
∣∣∣ ≤ C3

√
σ(y)|1− y|∣∣∣∂b

∂x
(x, y)

∣∣∣ ≤ C4σ(y)|1− y|2,

with
σ(y) = 1

or

σ(y) = (−`n(µ(1− y)))1/2, 0 < µ < 1.
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Existence of stationary solutions (Oleinik) in classes of solutions

for which

σ(y) = 1 or σ(y) = (−`n(µ(1− y)))1/2, 0 < µ < 1.

Existence of instationary solutions for the Crocco eq. (Z. Xin,

L. Zhang, 2004) if

∂ξp(ξ, t) ≤ 0, ∂ηu0 > 0, ∂ηu1 > 0.

The solutions are obtained in the class of solutions for which σ(y) = 1.

Existence of instationary solutions for the Linearized Crocco
eq. (Buchot, R., 2001) if

b(x, y) = |1− y|2.
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Existence of instationary solutions for the Linearized Crocco
eq. (Buchot, R., 2005, JMFD) if

σ(y) = 1.

Open problem. The case

σ(y) = (−`n(µ(1− y)))1/2, 0 < µ < 1,

is open for the Linearized Crocco equation. The existence and

uniqueness of solution to the Prandtl’ equations when the sign

condition on the pressure is not satisfied is open.
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We introduce H1(0, 1; d) (resp. H1
{1}(0, 1; d)) is the closure of

C∞([0, 1]) (resp. C∞c ([0, 1))) in the norm

‖z‖2H1(0,1;d) =
∫ 1

0

(|z|2 + |1− y|2σ2z2
y) dy.

Theorem The linearized Crocco equation admits a

unique weak solution z. Moreover z belongs to

C([0, T ];L2(Ω)) ∩ L2(0, T ;L2(0, L;H1(0, 1; d))) and
√
az ∈

Cw([0, L];L2(0, T ;L2(0, 1))). We have the following estimate

‖z‖L∞(0,T ;L2(Ω)) + ‖
√
az‖L∞(0,L;L2(0,T ;L2(0,1)))

+‖z‖L2(0,T ;L2(0,L;H1(0,1;d)))

≤ C
(
‖f‖L2(Q) + ‖g‖L2(0,T ;L2(0,L)) + ‖

√
az1‖L2(0,T ;L2(0,1)) + ‖z0‖L2(Ω)

)
.

(1)
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Stabilization of the laminar-to-turbulent transition location

The transition location depends nonlinearly of (u, v) and u∞. The

linearized transition location is of the form

X`
T (t) = Xs

T +
∫

Ω

φ(x, y) z(x, y, t) dx dy + c0 u∞(t).

We consider the control problem

Minimize J(zv, v)

where

J(z, v) =
1
2

∫ ∞

0

|X`
T (t)−Xs

T |2dt+
1
2

∫ ∞

0

∫
γ

|v(x, t)|2 dx dt.
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Feedback formulation

The control problem admits a unique solution (z̄, v̄) which satisfies

the feedback formula

v̄(t) = −(Πz̄(t) + r(t))|γ,

where Π ∈ L(L2(Ω)) is the solution of the algebraic Riccati equation

Π = Π∗ ≥ 0, ΠA+A∗Π−ΠBB∗Π + C∗C = 0,

and r is the solution to

−r′ = A∗r−ΠBB∗r+c0C∗u∞+Πf+ΠBg+ΠDz1, r(∞) = 0.

B, D are boundary control operators,

C is the observation operator.
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The operators A and A∗ are defined by

D(A) =
{
z ∈ L2(0, L;H1(0, 1; d)) | Az ∈ L2(Ω), T0

(
az,−b∂z

∂η

)
= 0
}
,

Az = Az = −a ∂z
∂ξ + b ∂2z

∂η2 − cz , for all z ∈ D(A),

D(A∗) =
{
z ∈ L2(0, L;H1(0, 1; d)) |

A∗z ∈ L2(Ω), T1

(
− aφ,− ∂

∂η
(bφ)

)
= 0
}
,

A∗z = A∗z = a∂z
∂ξ + ∂2(bz)

∂η2 − cz for all z ∈ D(A∗) ,

T0 is the normal trace on Γ0 =
(
[0, L)× {0}

)
∪
(
{0} × (0, 1)

)
,

T1 is the normal trace on Γ1 =
(
{L} × (0, 1)

)
∪
(
(0, L]× {1}

)
,
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Integral representation of Π

Πϕ(x, y) =
∫

Ω

π(x, y, ξ, η)ϕ(ξ, η) dξdη,

π : O = ΩX × ΩΞ 7−→ R

with

X = (x, y) ∈ ΩX, Ξ = (ξ, η) ∈ ΩΞ.
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Equation satisfied by π

A∗Xπ +A∗Ξπ −
∫

γ
b2 π(Ξ)π(X) ds+ φ(X)φ(Ξ) = 0 in O,

(bπ)y(x, 0,Ξ) = 0, (bπ)(x, 1,Ξ) = 0 in (0, L)× ΩΞ,

(bπ)y(X, ξ, 0) = 0, (bπ)(X, ξ, 1) = 0 in ΩX × (0, L),

√
aπ(X,L, y) = 0 in ΩX × (0, 1),

√
aπ(L, y,Ξ) = 0 in (0, 1)× ΩΞ,

π(X,Ξ) = π(Ξ, X) ≥ 0 in O,
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and r is the solution to

−rt = A∗r −
∫

γ
b2 r π(X) +

∫
Ω
π(X)f(t) + c0 φ(X) u∞

−
∫
(0,L)×{0} π(X)bg(t) +

∫ 1

0
π(X)az1(t),

(br)y(x, 0, t) = 0, (br)(x, 1, t) = 0,

√
ar(L, y, t) = 0,

r(∞) = 0.
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Numerical results - Comparison of solutions of the Prandtl system

and of the linearized Crocco equation

Data.

U0
∞ = 45m/s u∞ = 0.5sin2(4πt)

V 0
p = 0m/s X0

T = 36.84 cm

V 0
p = −0.003m/s X0

T = 40.5 cm

Mesh size for Prandtl and linearized Crocco equations.

l = 0.003 ≤ x ≤ L = 0.53m n = 200 ∗ 100 ∆x = 0.0025 ∆t = 20∆x
U0
∞
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Comparison of variations of the longitudinal velocity
δu(t, x, y) = u(t, x, y)− u0(x, y) for different values of

x and for T = 0.1 s
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– Typeset by FoilTEX – 70



Comparison of variations of the transition location
Prandtl and Linearized Crocco equations
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Variation of the controlled and the uncontrolled transition
locations

u∞(τ) = 0.5sin(4πτ)cos(24πτ).
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u∞(τ) = 1.5sin(4πτ)cos(8πτ).
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Numerical solution of the LQG problem

Observations:

1. first test: measurement of xT (t)

2. ∂u
∂y is measured at 6 points of the plate (friction coefficient)
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Variation of the controlled and the uncontrolled
transition locations for noisy measurement of xT(t).

u∞ = 0.5sin(4πt)cos(8πt)
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Variation of the controlled and the uncontrolled
transition locations for noisy measurement of ∂u

∂y.

u∞ = 0.5sin(4πt)cos(8πt)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
39.5

40

40.5

41

41.5

42
 Variation de la position de transition en fonction du temps

 X
T
 (

cm
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−4

−3.5

−3

−2.5

−2
x 10

−3

 v
p
 (

m
/s

)

 Temps (sec)

 Variation du contrôle en fonction du temps

– Typeset by FoilTEX – 76



Null controllability for a linearized Crocco type
equation with constant coefficients

Find v so that the solution to

zt + azx − bzyy + cz = 0,

zy(x, 0, t) = v(x, t)χ(x0,x1)

bz(x, 1, t) = 0,

z(0, y, t) = z1(y, t),

z(x, y, 0) = z0(x, y),

obeys

z(T ) = 0 in ΩC(T, δ).
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Distributed control

To simplify we set a = 1, b = 1, c = 0.

zt + zx − zyy = fχω, (x, y, t) ∈ Ω× (0, T ),

z(x, 0, t) = z(x, 1, t) = 0, (x, t) ∈ (0, L)× (0, T ),

z(0, y, t) = z1(y, t), (y, t) ∈ (0, 1)× (0, T ),

z(x, y, 0) = z0(x, y), (x, y) ∈ Ω.
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Influence domain of the control

ΩC(T ) := (x0, x1 + T )× (0, 1)

Ω

ωω

(T)

T

L0 x x

x +Tx

0

0

1

1

y

C

y

x
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Negative result

Let 0 < T < L− x1 be fixed and

ΩC(T ) := (x0, x1 + T )× (0, 1).

There exists z0 ∈ L2(Ω), z1 ∈ L2((0, 1) × (0, T )) such that, for all

f ∈ L2(ω× (0, T )), the solution z of the Crocco type equation is not

identically equal to zero in Ω \ ΩC(T ).
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Theorem (M, R, V, 2003)

For all z0 ∈ L2(Ω), z1 ∈ L2((0, 1) × (0, T )), there exists f ∈
L2(ω× (0, T )) such that the solution zf of the Crocco type equation

satisfies

zf(x, y, T ) = 0 for (x, y) ∈ ΩC(T, δ),

for any 0 < δ < (x1 − x0)/2, where

ΩC(T, δ) := (x0 + δ, x1 + T − δ)× (0, 1).
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The case of a boundary control

Let 0 < x0 < x1 < L be fixed. For z0 ∈ L2(Ω), z1 ∈ L2((0, 1) ×
(0, T )) and f ∈ L2((x0, x1)× (0, T )), we consider:

zt + zx − zyy = 0, (x, y, t) ∈ Ω× (0, T ),

z(x, 0, t) = 0, (x, t) ∈ (0, L)× (0, T ),

z(x, 1, t) = χ(x0,x1)(x)f(x, t), (x, t) ∈ (0, L)× (0, T ),

z(0, y, t) = z1(y, t), (y, t) ∈ (0, 1)× (0, T ),

z(x, y, 0) = z0(x, y), (x, y) ∈ Ω.

For f ∈ L2((x0, x1) × (0, T )), u ∈ L2(Ω × (0, T )) ∩
C([0, T ];L2(0, L;H−1(0, 1))) ∩ C([0, L];L2(0, T ;H−1(0, 1))).

– Typeset by FoilTEX – 82



Theorem (M, R, V, 2003)

For all z0 ∈ L2(Ω), z1 ∈ L2((0, 1) × (0, T )), there exists f ∈
L2((x0, x1) × (0, T )) such that the solution z of the Crocco type

equation satisfies

z(x, y, T ) = 0 for (x, y) ∈ ΩC(T, δ).

Observation inequality

There exists C(T, δ) > 0 such that the solutions p of the adjoint

equation

pt + px + pyy = 0

belonging to C([0, T ];L2(0, L;H1
0(0, 1)))∩C([0, L];L2(0, T ;H1

0(0, 1)))∩
L2((0, L)× (0, T );H2 ∩H1

0(0, 1)),
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satisfy∫∫
(0,L)×(0,1)

p(x, y, 0)2 dydx +
∫∫

(0,1)×(0,T )

p(0, y, t)2 dtdy

≤ C (T, δ)

(∫∫
(0,T )×(x0,x1)

py(x, 1, t)2 dxdt

+
∫∫

Ω\ΩC(T,δ)

p(x, y, T )2 dydx +
∫∫

(0,1)×(0,T )

p(L, y, t)2 dtdy

)
.
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Open problem.

If we replace the equation with constant coefficients

zt + zx − zyy = 0,

by

zt + yzx − zyy = 0,
or

zt + zx − (1− y)2zyy = 0,
the null controllability is an open problem.

Some results have been obtained by Cannarsa, Martinez and

Vancostenoble for the degenerate parabolic equation

zt − ((1− y)αzy)y = uχω, for 0 ≤ α < 2.
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