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Boundary feedback stabilization of the incompressible N.S.E.
Consider a stationary solution

—Azs+ (zs-V)zs +Vx =1f, in(,

dvz,=0 in{), z,=usonl.

Assume that z, is an unstable solution of the instationary N.S.E.

%_Az+(z-V)z—|—Vq:f, dvz=0 inQ,

z=1u,; on %, z(0)=2z;+ygin €,

and |z(f) — Zg|p2(q) — 0© as t — oo.
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The stabilization problem
Find u in feedback form s.t. |z(t) — zs|]y — O as t — o0,

where

O At (zV)EtVg=0,  dvzi=0 inQ,

z =us+ Mu, z(0)=2zgin .

— Typeset by Foil TEX —



The physical phenomenon Re =UD /v, D = 10cm, U = 1m/s

Re <5 Regime of unsepareted flow

5 < Re < 50 A fixed pair of vortices

H0 < Re < 150 Vortex street
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The stabilization problem

For an initial condition zy close to zs, we look for u (in a feedback
form) so that

z(t) — zs|ly — O as t — oo.

o
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The method

e Find a feedback law for the linearized equation by minimizing a
quadratic functional.

e Prove that the solution to the nonlinear closed loop system
exponentially decays.

The difficulties

e The Stokes and of the L.N.S.E. with boundary conditions s. t.

/u(t)-nzO but u(t)-n # 0.

e Choose a Linear-Quadratic control problem so that the feedback
law be able to 'control’ the nonlinearity of the N.S.E.
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The nonlinear and the linearized equation

Set y =z —zs. We look for u(t) = Ky(t) such that if |ygly =
1zo — zs|y < u, then the solution y of

— — Ay +(zs-V)y+(y-V)zs+ (y - V)y + Vg =0,
dvy=0 inQ, y=Mu on y0) =yp in§2,

obeys
y()ly = 12(t) —zsly — 0 as ¢ — oo,

f
|YO‘Y — ’ZO — ZS|Y < .
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The Stokes equation with non homogeneous boundary
conditions

Known results when u - n =0

G. Grubb, V. A. Solonnikov, Math. Scand. 91,
ue H/2(T' x (0,T)), s > 1, small data for N.S.E.

G. Grubb, J. Math. Fluid. Mech. 01,
uec H5/2(' x (0,T)), s > 0 for Stokes.
V. Barbu, |. Lasiecka, R. Triggiani, 2005, s=0.
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Known results when u-n#0 and [Lu-n =0

A. Fursikov, M. D. Gunzburger, L. S. Hou, SICON 98, 2D,

u ¢ L%0,7;HY2(T)), ~u € HY*0,T;L*T)), ~,u €
H340, T; H-Y(I)).

A. V. Fursikov, M. D. Gunzburger, L. S. Hou, Trans. A.M.S. 01,

J. Math. Fluid. Mech. 02, 3D

Stokes: u € L?(0,T;HY2?(T)), ~,u € HY2(0,T;H Y2(I)),
vou € H3/4(0, T; H-Y(T)).

For NSE: u € HY(T" x (0,T')) with small data.
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The Helmholtz decomposition

Vg(ﬂ): {YELQ(Q)\ divy =0, y-n=0on F},
L%(Q) = V2(Q) @ grad H(Q),
V() ={y e Hy(Q) | divy =0 },

P : L%(Q) — V2(Q).
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The Stokes equation with a Dirichlet control: u(t) -n # 0

Due to the incompressibility condition

/ divy:/y-n:O.
Q T

We want to solve the Stokes equation for

weVor) = {y e L) | /y-n: 3
r
Therefore we look for y (%) in

VO(Q) = {y eL?(Q) | divy=0, (y n,1)= 0}-
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The transposition method for the Stokes equation

A function y € L%(0,T;V°(Q)) is a weak solution to the Stokes

equation if
/yg / +¢H)U+/QY0‘I’(O)

for every g € L?(0,T;V°(Q)), where (®,4)) is the solution to

P
—aa—t — AP + V@D g, div® =0 in Qa

®=0o0n P7T)=0in .

Drawback: No information neither on the pressure nor on Py.
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A new approach. The Dirichlet operator

(D,D,) : VOT)+— VQ) x L*(Q)/R,

ur— (W, q),

where

—Aw(t)+Vq(t)=0 and divw(t)=0inQ, w(t)=u(t) onT.

We set
Yy =Z+ W.
Equation satisfied by z:
0z , .
azAZ—I—VQ-Vp%—W, divz =0,

z=0 on?2, z(0) = yg — w(0).
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We show that
Py'= APy + (—A)PDu,  Py(0) = yo.

(we have to extend the semigroup to (D(A))")

What is the equation satisfied by (I — P)y ?
(I - P)y(t) = (I - P)w(t) = (I - P)Du(t).
The system satisfied by y is finally :

Py'= APy + (—A)PDu, Py (0) = yo,
(I — P)y = (I — P)Du = (I — P)Dy,u.
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Theorem.  Assume that yg € V9(Q). A function y €
L?(0,7;VY(Q)) is a weak solution to the Stokes equation in the
sense of the transposition method iff y satisfies the system:

Py'= APy + (—A)PDu, Py(0) = yo,
(I — P)y = (I — P)Du = (I — P)Dy,u.

Theorem.  For all yo € VY(Q) and all u € L?(0,T; V°(T)) the
Stokes equation admits a unique weak solution in L#(0,T;V'(Q)).
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This solution obeys

HPY||L2(0,T;V1/2—€(Q)) + HPYHH1/4—€/2(0,T;V0(Q))
I = Pyl r200.7v12(0))

< C(llyollvoc) + [all 20, 7;vory))  forall e > 0.
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If moreover u belongs to V*/2(%) then

I(I = P)yll p20,m:vs+i2y + 1= PVl gsrzo.mevirz o)y

< Clyollys-12v0() + Illys.srzs))

If u belongs to V*5/2(%) and y,

then
1Pyl 20, 7vs+1/2-2(0)) +

< C(Hy()HVs—1/2vo(Q) + ||u
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If u belongs to V*%/2(X), with 1 < s < 2 and if yo et u(0) obeys
the compatibility condition

P(yo — Du(0)) € VE12(Q) if 1<s<3/2,
and

P(yo — Du(0)) € Vi 2(Q)nVL(Q) if 3/2<s<2,
then the above estimate is satisfied. If moreover
(I — P)(yo — Du(0)) € V*~1/2(Q)

then y(0) = yo.
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Other results.
e G. Grubb, 2001. We can take ¢ =0 if v,u = 0.

e Fursikov, Gunzburger, Hou, 2002. If y,u € L?(0,T;V/3(I")) N
H3/%(0,T; V~YT)) then the solution belongs to

VHQ) c W(0,T) = {y c L?(0,T;VY(Q)) |y € LQ(O,T;V_l(Q))}.

e JP.R, 2005 If y,u € L?(0,T;V/2(I")) N HY/2(0,T; V~1/2(I"))
then the solution belongs to

W(0,T) = {y c L20,T;VY(Q) |y e LQ(O,T;V_l(Q))}.
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The Navier-Stokes equations with non homogeneous boundary
conditions

G. Grubb (01) Existence of solutions for small data and when
You =0, uec H-1/2(%).

Fursikov et al. (02)
If N =3, if u belongs to

VHL(E) = {u € L*(0,T; VH(I)) |u e H(0,T; VO(F))}’

and if
1yollvo) + l[uflviis is small enough,

+ C.C., then the N.S.E. admits a unique solution belonging to
W(0,T).
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J.P.R. (05)
If N =3, if u belongs to

VHi(E) = {u € L*(0,T; V() |u e H(0,T; VO(F))}’

and yg € V2 (Q), then the N.S.E. admits a weak solution belonging
to ([0, T]: VO(Q)) N L2(0, T; V().
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Feedback stabilization of the N.S.E.
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Optimal control problem

(P) inf{J(y,u) | (y,u) obeys the L.N.S.E.},
y' = Ay + F'(z,)y + Bu in (0,00), y(0) = yo,

J ! OOC’ 2 L A
(y’u>_§/0 |yL2(Q)+§/O |u|U'

Existence of admissible solutions (Internal null controllability)

O. Yu. Imanuvilov, COCV, 2001
Fernandez-Cara, Guerrero, Imanuvilov, Puel, JMPA 2004

V. Barbu, R. Triggiani, Internal stabilization of the N.S.E., 2004
A. Fursikov, DCDS, 2004.
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There exists an operator IT € £(V2(Q)), or IT € L(Y (), (Y(Q)))
with

Y(Q) <= Vi(Q) = (Y(Q),
satisfying II = II* > 0, and such that

1
J(Yyor Uyy) = §(HYO>Y0)Vg(Q) for all yo € Y ().

Three methods

The Lyapunov function method (B.L.T.), the smoothing observation
method (JPR), the method using an extended system (M. Badra).

— Typeset by FoilTEX — 25



The Lyapunov function method. Choose J so that

Yotr— (Hy}’o(t)a yYo(t)) L2(Q)

be a Lyapunov function — in L?(Q2) — for the closed loop nonlinear
system, I.e.

d
= (Yo (0 Tyyo (1)) + 3 (Yo (). Tyyo (1)) <O 620, 7> 0.
The smoothing observation method. Choose J so that II

be a smoothing operator. Prove some regularizing properties for
(Am, D(Am)). Use these regularity results to prove that the solution
to the the closed loop nonlinear system exponentially decays.
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V. Barbu, COCV, 2003 N = 3, Internal control, B = x,,

2 1 [ |2
+—/ ‘u
L2(Q) 2 J,

Syow) = [ |-payry

L2(w)

The equation satisfied by II is

[TA,, + A; 1 —IIBB*II + (P(—A))*? =0, II=1I* > 0.
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V. Barbu, |. Lasiecka, R. Triggiani, AMS, 2005, N = 3, with a
boundary control acting everywhere on I' and satisfying

choose the functional

J L[ C i L)
(v, 1) = 5/0 ’ Y2 + 5/0 ‘u L2(w)
with

C ~ |

‘ Y L2(Q) Y V3/2+e(Q)

The equation A.R.E. satisfied by II is only satified on D(Ap).
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Feedback boundary stabilization of the
Linearized N.S.E.
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The optimal control problem

Minimize J(y, ) = / [ v+ / [ P

For simplicity, take zg = 0 and M = I, that is

Py'= APy 4+ (—A)PDu = APy + Bu, Py (0)
(I — Py = (I — P)Du.
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We transform the functional

/ [keg [ [
5 [ [iestes [ [ia-ppag [ [

(I = P)y| =|(I = P)Du| = [(I = P)Dynul.

J(y

and
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Setting
R=D*(I -P)D + 1,

we have

1 [~ 1 [
s =5 [ [1pvEeg [ [OR A+ )
0 I

1 [ 1 [
A et e
o Jo 2Jo Jr
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The control problem is now

Minimize

Hyw=5 [ [ ipyPs / [ 172

Py' = APy + (—A)PDu, + (
Py(0) = yo, (I - Py =

The value function is

1
~(11y,. )
2(}’0}’0
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The optimal solution is characterized by

Py/ :APy—|_BTLuTL+BTuT7 PY(O) — Yo,

®(t) = [IPy(t),

—®' = A® + Py,
u, = —R'B*®,
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which is equivalent to
Py’ = APy + Bu, Py(0) = yo,

®(t) = ILPy (1),

_%_T_A(I)+V¢:Py, div® = 0

®=00nY, P(oco)=0Iin

U_E—??IH‘C((I’NMH
1 0P
o(P, 1) = T F(%—ZDH) ‘N
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We can prove that II is the solution to the ARE

A+ A*II-1IB,. Bl —1IB, R"'BIl+1=0, II=1II*>0.
B, = (—A)Dy,,  Bf=D*(—A),
B = (~A)PDy,,  Bj=3.D*(-A),

0
D*g = T - c(w, m)n,

on

—Aw+Vr=g, divw=0, w=0 onl.
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Studying the regularity of the optimal pair, we prove
II: yo— ®(0),
IT € L(V,(2); V() N V§(Q)),
e £(VY25(Q); V5/2=2(Q) N Vi(Q)), 0<e<1/2

B € L(V/?75(Q); VI—¢(T)), 0<e<1/2,

where 9%
B*Ilyg = 8_n(0) —¢(0)n + cn.

The semigroup (et!11);~( is exponentially stable in V2(Q) and in

Vi/2E Q).
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Stabilization of the Navier-Stokes equations

Find u s.t.  |y(?)|yi2-c(q) = |2(t) —2s|y1/2-c(g) — 0 as t — o0,

where

— —Ay+(zs  V)y+(y - V)z,+(y-V)y+Vp=0, inQ,

dvy=0 inQ, y=u onX y(0)=yo=12y— zsin .

We set
A,y =Ay —(z,-V)y — (y - V)z,, D(A4,.) = VZ*(Q)NV5(9Q),

Fly)=—-P(y-V)y,
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B, = (Mol — A,)PD, B, = (Al — A,)D,

where w = Du is the solution to

AW — Aw — (z5-V)w — (w-V)z, +Vg=0 in ,

dvw=0in2, w=u onl.

We rewrite the equation in the form

Py'= A, Py + F(y) + Byu, + B;u,, y(0) = yo,
(I — P)y = (I — P)Du,,
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Setting
R=D*(I -P)D + 1,

we prove that the algebraic Riccati equation
A, + A; 1 —1IB, B - 1B, R~"B;II+ I =0, I=1I* >0,

admits a unique solution IT € £(V}(Q); D((—A}))).
We set

An=A, — BBl - B,R'B*Il  and  Sp(t) =41
The semigroup

St(t) is analytic and exponentially stable on V9 ().
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Consider the Navier-Stokes equations with the linear feedback law:

Py' = AnPy + F(y), y(0) = yo,
(I — P)y = —(I — P)DR™!'B*II Py,

that is

0
a_i_Ay_i_(y.v)y—l_vP:O and divy =0 in @,

y = —DR 'B*IIPy onX, y(0)=yo.
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Theorem. For all 0 < ¢ < 1/4, there exists pug > 0 and a
nondecreasing function n from R into itself, such that if u € (0, o)
and HyoHvl/g_g(Q) < n(u), then the above equation admits a unique

solution in the set

Dy =5 LI llvsrz-esrieragy < -

In particular

o Iy (6)ly /20 = 0
and

1y (t)lly1/2-e () < C(zs, ).
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Exponential stabilization

To obtain the exponential stabilization We set

y=c¢y, ta=ecu
If
Py’ = A, Py + F(y), Py(0) = yo,
then
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The 3D case

F(y)=—-P(y-V)y = —Pdivy ® y),

F . V3/2+e3/4+/2(0) 1 L2(0, 00; (VY/2726(Q))) N LY(0, 00; VO(Q)

S CHfHL2(0,oo;(V1/2_2€(Q))’)‘
V3/2—|—5,3/4—|—€/2(Q)

t
/ et =9)Af (5)ds

0
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We consider the LQ problem

Minimize

+2 / |R“2< )
0 I'c

1 @)
AL
0 I'c

Py'= APy + 0(t)B,a, + 0(t)B;a, + f,

Py(0) = yo, (I — Py =

(I — P)D4bu.

A+ ATl — IB, BTl — 1B, R;' B Il + (—Ay) "' = 0,
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and for t € [0, T, II is the solution of

—II(t) = IIA + A*II — 62118, BI1 — 11B,, 0 R0 BX 11 + (—Ag) ™1,
I1(T) = II.

The adjoint equation is now
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Theorem. Forallt>0and all 0 <e <1/2, we have

L) <C,

LV PE(Q),VI/2-5(q)) =

IB*IL(@)]] ;172 <C

LV, 7(Q),V3—=()) — 77

@) <C

LV P7E(Q),V/2—5(q)) =

Theorem. If yo € Vi/*5(Q), then the linear feedback law
u(t) = — (B + Ry B)0(t) I(t)y (¢),

locally stabilizes the 3D N.S.E.
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The longitudinal velocity (J.-M. Buchot)

Time=0 Surface: u (u)

Time=5 Surface: u (u)

16
06

1.4
Qs
12

0.4r

03 r D_a

0.6

0.2F

0.1 b

0.2

-0.1

-0.2

02 : ; 02F 0.4
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The stream function 10s after controlling (J.-M. Buchot)

Time=10 Flow: [u (u)v (v)]

06+
D5 i e sicieend

g4k : ; - I E—

¥(m)

DAL

-0.2
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Stabilization and controllability of degenerate
parabolic equations

with Jean-Marie Buchot, Patrick Martinez,

Jean-Pierre Raymond and Judith Vancostenoble
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The Physical Problem

The laminar boundary layer is described by the Prandtl equations

Vitesse amont )
perturbee 5 Epaisseur de |
- . couche limite
X Uoo —_— 7»»»»,,//”/’ i i
m\mmm
plague plane— 0.2| 0.25 XT <= 0.55m
Vs aspirat
L=1m

o Uy (t) =UZ + ux(t) : Velocity of the incoming flow,
o X1(t) = X7+ xr(t) : laminar-to-turbulent transition location,
e v.(t) : Suction velocity through the plate,

o (u(t),v(t)) : Velocity field.
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The stabilization problem

o US>, X7 are known.

e We look for v, (in a feedback form) so that zp(t) — 0 as t — oo,
or so that (u(t) —U?®,v(t) — V%) — 0.

The controllability problem
e We look for v, so that (u(T) — U*,v(T) — V*) = (0,0).
Obstruction

e [he Prandtl's equations are stated in an unbounded domain.
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The method

The Prandtl equations are transformed into the Crocco equation
(a nonlinear degenerate parabolic equation) by using the so-called
Crocco transformation

A Linear-Quadratic control problem is stated by linearizing the
Crocco equation, and the observation (the transition location) around
the steady state solution

The feedback law is determined by solving a LQR or a LQG control
problem
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The mathematical results

Existence and uniqueness result for the linearized Crocco equation
(a degenerate parabolic equation)

Existence and uniqueness result for the Riccati equation associated
with the linearized Crocco operator

Feedback formulation of the optimal control

Exact controllability results for a simplified model (Martinez-
Vancostenoble-JPR)
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Method of matched asymptotic expansions

The regular approximation of the NSE leads to the Euler equations.

The singular approximation is obtained with

E=z, n=-%
NG
as the boundary layer variables, where
1 Us L
£ = —-, Re =
Re c v
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Prandtl’ equations
Ocu + Opv = 0, (0,L) x (0,00) x (0,7,
Oy + u0eu + vOpu — VO, u = UL,
u(0,m,t) = uq,
w(§,0,2) =0,  v(£,0,1) =vexy,  w(€,n,0) =uo(&,n),
u(&,n,t) — Us when n — 00.
The Crocco transformation

u(&,n,t)

ou
Uoo(t) ) (67 T]7 t)'

Uso(t) On

t=t, x=¢( y= w(z,y,t) =

The transformation is bijective in the domain where 2 (£ n,t) >

— Typeset by Foil TEX —



The Crocco equation

wt‘I'Uooyw:U

(L= Yy — vwtwy, + gEe =0, (2,y,t) €2 x (0,T),

/

vwwy(x,0,1) = ve Xy W — gz, (x,t) € (0,L) x (0,T),
w(x,1,t) =0, (x,t) € (0,L) x (0,T),
w(0,y,t) = wi(y,?), (y,t) € (0,1) x (0,T),
w(x,y,0) = we(x,y), (x,y) € €.
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Linearized Crocco equation

2+ azy —bzyy +cz=f, (z,y,t) € Qx(0,7T),
vzy(2,0,1) = g+ ve X~ (x,t) € (0,L) x (0,T),
bz(x,1,t) =0, (x,t) € (0,L) x (0,T),
2(0,y,t) = 21(y, t), (y,t) € (0,1) x (0,T),
Z(Qf,y,O) — Z()(Qf,y), (xay) < Q?
where ,
uOO S S
f = —yus 0w’ — s (w® 4+ (1 — y)d,w?)
U/
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The coefficients satisfy:

a —

Us y, b= v(w®)?,

C

L S,,4S
2vwwy,,

Ci|1 — yl2o(y) < b(x,y) < Ca|l — y|?o(y),

0b

Ob

ox

with
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Existence of stationary solutions (Oleinik) in classes of solutions
for which

o(y) =1 or o(y) = (—tn(u(l—y))"? 0<p<l.

Existence of instationary solutions for the Crocco eq. (Z. Xin,
L. Zhang, 2004) if

Oep(€,1) <0, Opug > 0, Opug > 0.

The solutions are obtained in the class of solutions for which o(y) = 1.

Existence of instationary solutions for the Linearized Crocco
eq. (Buchot, R., 2001) if

b(z,y) = 11—yl
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Existence of instationary solutions for the Linearized Crocco
eq. (Buchot, R., 2005, JMFD) if

o(y) = 1.
Open problem. The case
o(y) = (—tn(p(1 —y)'/?, 0<p<l,

is open for the Linearized Crocco equation. The existence and
uniqueness of solution to the Prandtl’ equations when the sign
condition on the pressure is not satisfied is open.
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We introduce H'(0,1;d) (resp. H{,(0,1;d)) is the closure of
C*°(]0,1]) (resp. C2°(]0,1))) in the norm

1
1212 0.1.0) = / (12 + 11— yPP0222) dy.

Theorem The linearized Crocco equation admits a
unique weak solution z. Moreover z belongs to

C([0,T]; L*(Q)) N L*(0,T;L*(0,L; H'(0,1;d))) and \az ¢
Cw ([0, L]; L*(0,T; L?(0,1))). We have the following estimate
12| oo (0. 7:22(02)) T V@2 oo (0, L:22(0.7:22(0.1)))

+”ZHLZ(O,T;L2(O,L;H1(0,1;d)))

< C(Hf||L2(Q) + gl 220, 7;2200,)) + IV az1l L200,7;02(0,1)) + HZOHLQ(Q)‘

— Typeset by Foil TEX — 62



Stabilization of the laminar-to-turbulent transition location

The transition location depends nonlinearly of (u,v) and wus. The
linearized transition location is of the form

Xh() = X+ [ 6(a,y) 2(a9.8) dedy + coun()
Q
We consider the control problem
Minimize J (24, 0)

where

1 [ 1 [
T(z.0) :5/0 yxg(t)—x;\2dt+§/o /\v(x,t)\dedt.
Y
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Feedback formulation

The control problem admits a unique solution (z, v) which satisfies
the feedback formula

5(t) = —(I2(8) + (1)1,
where II € £(L?*(Q)) is the solution of the algebraic Riccati equation
[I=1I">0, 1A+ A" Il - IIBB*II + C*C = 0,

and r is the solution to
—r' = A*r—TIBB*r+co C* oo +11f +11Bg+11Dz, r(oco) = 0.

B, D are boundary control operators,

C' is the observation operator.
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The operators A and A* are defined by

D(A) = {z c L2(0,L: HY(0,1:d)) | Az € L2(Q), Ty (az, —bg—;) - o}

Az = Az = —ag—g%—bginé—cz, for all z € D(A),

D(A") = { = € L*(0, L; H'(0,1;d)) |
0
* 2 L O —
Az e L2(Q), Tl( ad, an(bgb)) o},
A*z = A*z = ag—z + 822)5) —cz forall z€ D(AY),
Ty i1s the normal trace on I'y = ([O,L) X {0}) U ({0} x (0, 1))7
Ty is the normal trace on I'] = ({L} x (0, 1)) U ((O,L] X {1})7
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Integral representation of 11

Hp(x,y) = /Qﬂ(w,y,f,n)w(&n) dédn,

T : O=Qx X Q=r— R
with
X =(z,y) € Qx, Z=(&n) €=
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Equation satisfied by
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In (O,L) X QE,
In QX X (O,L),

In QX X (O, 1),
In (O, 1) X QE,

in O,
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and r is the solution to

—7ry :A*r—f,befMT (X)

- f(O,L) ><{O}

(br),(z,0,t) =0,

var(L,y,t) =0,

r(oo) = 0.
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Numerical results - Comparison of solutions of the Prandtl system
and of the linearized Crocco equation

Data.

UY =45m/s Uso = 0.5sin?(4mt)
V) =0m/s X9 =36.84cm
V) =—0.003m/s Xj; =40.5cm

Mesh size for Prandtl and linearized Crocco equations.

[=0.003<2z<L=053m n=200x100 Az=0.0025 At =202
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Comparison of variations of the longitudinal velocity
du(t,z,y) = u(t,z,y) — u’(z,y) for different values of
x and for T'=0.1s

du Crocco en noir

o u Prandtl en rouge

1 1 1 1
0.3 0.4 0.5 0.6 0.7
y encm
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Comparison of variations of the transition location
Prandtl and Linearized Crocco equations

Xt Prandtl ;: —

4
37

3
S
(&)
c
)
'_
<
36.6
36.41
Xt Crocco linéarisée : —.
36 1 1 1 1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Temps en s
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Variation of the controlled and the uncontrolled transition
locations

Uoo (T) = 0.5sin(47T)cos(247T).

Variation de la position de transition en fonction du temps

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Variation du contréle en fonction du temps

| | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Temps (sec)
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Uoo(T) = 1.5sin(4nwT)cos(8nT).

Variation de la position de transition contrdlée et non controlée.
46 T T T T T T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o 1072 Variation du contrdle en fonction du temps.
T T T T T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Temps (sec)
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Numerical solution of the L()G problem

Observations:

1. first test: measurement of zp(t)

2. ‘g—z is measured at 6 points of the plate (friction coefficient)
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Variation of the controlled and the uncontrolled
transition locations for noisy measurement of x(%).

Uso = 0.5sin(4mt)cos(87t)

Variation de la position de transition en fonction du temps

! ! ! ! ! ! !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

) X107 Variation du contréle en fonction du temps
2.5
~~
n
~
E
o
>
35
-4 |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Temps (sec)
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Variation of the controlled and the uncontrolled
transition locations for noisy measurement of %.

Uso = 0.5sin(4mt)cos(87t)

Variation de la position de transition en fonction du temps

x 107 Variation du contréle en fonction du temps
_2 T T
251
~
%)
~
E
o
>
-35
-4 i i i i i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Temps (sec)
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Null controllability for a linearized Crocco type
equation with constant coefficients

Find v so that the solution to
2 + azgy — bzyy +cz =0,

Zy(,ilj, 0, t) — 0(567 t)X(CEO»ml)
bZ(x, 1, t) — 07

Z(Oa Y, t) — Zl(ya t)?

z(x,y,O) — Zo(xay)a

obeys
2(T) =0 in Qc(T,9).
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Distributed control

To simplify weseta=1,b=1, c=0.
b 2= 2y = fXer (2,9,1) € Q% (0,T),
2(z,0,t) = z(x,1,t) =0, (z,t) € (0,L) x (0,T),
2(0,9,1) = z1(y, 1), (y,1) € (0,1) x (0,T),

2(x,y,0) = 2o(x,y), (x,y) € €.
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Negative result

Let 0 < T < L — 21 be fixed and

Qc(T) = (33(),331 + T) X (O, 1).

There exists zg € L?(Q), 21 € L?((0,1) x (0,T)) such that, for all
f € L*(w x (0,T)), the solution z of the Crocco type equation is not
identically equal to zero in Q\ Qc(T).
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Theorem (M, R, V, 2003)

For all zp € L*(Q), z; € L*((0,1) x (0,T)), there exists f €&
L?(w x (0,T)) such that the solution z; of the Crocco type equation

satisfies
ze(z,y,T) =0 for (x,y) € Qc(T,9),

for any 0 < § < (x1 — xg)/2, where

QC(T, 5) = (CCO +o,x1+ 1 — 5) X (O, 1)
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The case of a boundary control

Let 0 < zg < x1 < L be fixed. For zg € L?*(Q), 21 € L*((0,1) x
(0,T)) and f € L*((xg,z1) x (0,T)), we consider:

(

2%+ 2g — 2yy = 0, (z,y,t) € Q x (0,T),

2(2,0,t) = 0, (z,t) € (0,L) x (0,7T),
L 2(x, 1) = X(ag,20) (@) f(2,8), (2,1) € (0,L) x (0,1,

2(0,y,t) = z1(y, 1), (y,t) € (0,1) x (0,T),
z(2,9,0) = 2o0(z,y), (x,y) € €.

For f € L2((mo,z1) x (0,T)), u € L2Q x (0,T)) N
C([0,77; L*(0, L; H=1(0,1))) N C([0, L]; L*(0, 75 H~(0,1))).
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Theorem (M, R, V, 2003)

For all zp € L*(Q), z; € L*((0,1) x (0,T)), there exists f €&
L?((wg, 1) % (0,T)) such that the solution z of the Crocco type
equation satisfies

2(x,y, T) =0 for (z,y) € Qc(T,9).

Observation inequality

There exists C(7T,6) > 0 such that the solutions p of the adjoint
equation

Pt + Dg + Dyy = 0
belonging to C'([0,T]; L*(0, L; H}(0,1)))NC([0, L]; L*(0,T; H}(0,1)))N
L?((0,L) x (0,T); H* N H3(0,1)),

— Typeset by Foil TEX — 83



satisfy

/] m%%m%mm—k[/ p(0,y,t)? didy
(0,L)x(0,1) (0,1)x(0,T)
< O(T.6) (// py (2, 1,1)? ddt
(0,T) % (xp,x1)

+[/ ﬂ%%ﬂmwx+// p@%wwmo.
O\Qe(T,5) (0,1)%(0,T)
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Open problem.

If we replace the equation with constant coefficients

by
2t + Yzg — Zyy = 0,
or
2e 4 2o — (1 = y)°2yy = 0,
the null controllability is an open problem.

Some results have been obtained by Cannarsa, Martinez and
Vancostenoble for the degenerate parabolic equation

zt— (1 —y)%2y)y = UXw, for 0 < a < 2.
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