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INTRODUCTION - PROBLEMATIC

Let €2 be a Kirchhoff-Love plate and ~ w C {2 be a piezo-electric device. P(z,y) = T(z.y)cw)

Plate Model, clamped on Ty and free on 92\’

(u — transversal displacement of the plate
0%u d3u O3u 0°P 0°P
— dr X — — ], Q2 x (0, T
Pop (6318x26t +€326y28t) x (631 572 + €32 ay2>7 (0,7)

+ BOUNDARY CONDITIONS ON OS2

+ DA*y = —ZSR/

w

N\

{ + INITIAL CONDITIONS AT t =10

(1)

— Dissipative system.

Problem to solve Optimal position of the piezo w in orderto MAXIMIZE THE DISSIPATION.

e —> Optimal shape design problem for time-dependent system

e Control of the evolution by the shape and position of the piezo.
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SIMPLIFICATION - PROBLEM STATEMENT

Linear damped wave equation :

(

yx,a — Ayya + a(w)yé},a =0 in Q x (0,7,
\ Yw,a =0 on 00 x (0,7, 2)

\ yw,a(.,()) = Yo, y(ij,a(.,O) = 1Y in Q

where

° - initial position and velocity inde-
Yo, P Yy Y — Ay +a(z)y =0

pendent of a and w .
" ¢ damping
! a(xf >0

......

e w C () : dissipative zone (independent

of 1)
() fixed

e a(x): damping function; (usually,

a(T) = alipeu))

Remark 1 No conditionon OJw. The system is well-posed (existence and uniqueness of the solution

Yw,a)-
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REGULARITY

Definiton 1 From = (Q\w)Uw UT

H'Y(Q) = {veL*(Q),v., € H (w),vjaw € H (Q\w),[[v]] =0on T}

3)
H*(Q) = {ve H (Q),v, € H (w),vj\w) € H (Q\w),[[Vvv]] =0on T}
Proposition 1 (Lions-Magenes, 1968) [Weak Solution] If € € C*(R) and (yo,v1) € Ho(Q) x L*(£2) then
Yoo € C((0,T); Hy () N C*((0,T); L*(2)) @

Proposition 2 (Regularity on Ow) @ [[Yw.a]] =0 = [[VYw,a.T]] =0

o [[Vyu,a.v]] = 0 (Regularizing effect of —A)

Proposition 3 (Lions-Magenes) [Strong solution] If 2 € C*(R) et (yo,y1) € (H*(Q) N Hy () x Hy () then

Yoo € C((0,T); H*(Q) N Hg () NC'((0,T); Hy (2)) N C*((0,T); L*(2)) (5)
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ENERGY AND DISSIPATION LAW

Definition 2 (Energy)

1
B,a,t) = 5 [ {al@) + [Via(e,t)Pdz, ¥t 20, ©)
Q

Proposition 4 (Dissipation law) Let a(Z) = alyzcy),

E'(w,a,t) = —/ a(@)|y, ,(x, 1) dz = —a/ Y, o?dz <0, Vt>0. )
Q w

For instance,

Theorem 1 (Haraux, Nakao, Zuazua, ... ) [Exponential decay] If w fulfills the Geometrical Optic
Condition (GOC): w € V(I'g) N, To={x € IN; x-v >0} then

3C,a > 0, B(w,a,t) < Ce *"E(w,a,0), Vt>0. (8)
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PROBLEMS STATEMENT

WHETHER OR NOT w satisfies a geometrical condition, we consider the following

problems :

Problem 1 (Optimal position and shape design problem)

(Po) : ingE(w,a,T), T >0,a € L®(Q,R")
wC

Problem 2 (Optimization with respect to the function a)

(Pa) : inf E(W,G,T)j T > O,CL) C Q
a€L>(Q,RT)

Problem 3 (Coupled problem )

(Po.a) : inf E(w,a,T), T >0
wCQ,a€L>(Q,RT)

— w is assumed regular enough in order that (Pw) be well-posed.

NON LINEAR

(9)

(10)

(11)
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LITERATURE RELATED TO (P,) AND (P,,) - OVER-DAMPING PHENOMENA

ON A THEORETICAL POINT OF VIEW, PROBLEMS (Pg) AND (P.,) ARE DIFFICULT BECAUSE THE ENERGY IS NOT

MONOTONE WITH RESPECT TO @. IT IS THE OVER-DAMPING PHENOMENA

Va > 0,F(w,a,T) < E(w,0,T) but lim F(w,a,T)=FE(w,0,T) (12)

a— oo

LITERATURE IS MAINLY CONCERNED WITH THE 1-D CASE (STABILIZATION OF STRING) AND W = () TO THE OPTIMIZATION

OF THE EXPONENTIAL DECAY RATE .

[Cox-Zuazua, 1994], [Freitas, 1998], [Lopez-Gomez, 1999], [Cox, Castro, 20011, ...

FOR EXAMPLE, IN 1-D, wiTH w = = (0, 1), THE OPTIMAL CONSTANT VALUE IS @ = 2T;

E(w,T,27) < E(w,a,T), VYa>0 (13)

WHILE THE OPTIMAL NON CONSTANT FUNCTION a IS a(z) = 2/x LEADING

E(w,2/x,T)=0, VI > 2. (14)
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LITERATURE RELATED TO (P,)

FOR THE PROBLEM (Pw), NUMERICAL SIMULATION LEADS TO NON INTUITIVE RESULTS. THE OPTIMAL POSITION OF W IS

NOT SYMMETRICAL WITH RESPECT TO §2. THE CAUSE IS THE OVER-DAMPING PHENOMENA

e Hebrard P., Henrot A., Optimal shape and position of the actuators for the stabiliza tion of a string , Systems
and control letters, 48, 199-209 (2003).

e Henrot A., Maillot H., Optimization of the shape and the location of the actuators in an internal control problem
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat., 3, 737-757 (2 001).

e Hebrard P., Etude de la g €ométrie optimale des zones de contr 6le dans des probl eémes de stabilisation , PhD
Thesis, Nancy, (2002).

[SIMULATION IN 2D USING GENETIC ALGORITHMS TO MAXIMIZE THE EXPONENTIAL DECAY RATE]
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NOT A GEOMETRICAL BUT AN AREA CONSTRAINT ON W

Conjecture 1 w = {2 is the trivial solution for Problem  (P.,)
Conjecture 2 w1 C wa C 2 = F(w2,a,T) < E(w1,a,T)
[Open Questions "]

NUMERICALLY, THESE TWO CONJECTURES ARE OBSERVED. CONSEQUENTLY, AN AREA CONSTRAINT MUST BE ADD ON THE

DISSIPATIVE ZONE W

New Constrained Problem :

(Pu.p) : infuev, E(w,a,T), Vi = {w C Q,area(w) — Parea(2) = 0,8 € (0,1)}

ON THE CONTRARY, ACCORDING TO THE NONLINEARITY OF @ — E(w, a, T), NO RESTRICTION IS NECESSARY ON THE

DAMPING FUNCTION a
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SHAPE DERIVATIVE OF £/ WITH RESPECT TO W

Assume w € C'(Q) and let

Ef(w,a,T) = E(w,a,T) + %5_1(area(w) — Barea(Q))*.

and 0 € (WH*(Q,R?))?, 0jpq = 0,w" = (I +nb)(w) = F"(w).

Theorem 2 The Fréchet derivative of F with respectto 1) (in the direction 0) is

Ok (w,a,T)

- ﬂ:iLJ%ATjwjm@JMWHf%wwwﬁ—&MMQ»Hymf

- normal oriented toward the exterior and

p(x,t) =0

| P(2,T) = —a(x)y

Descent direction 6 for w — E(w,a,T)

P solution of the adjoint problem :

(' (x,t) — Ap(z,t) —a(z)p/ (z,t) =0 in O x (0,7T),

on (OQ\I') x (0,T),

p(x,T) = -y (x,T) in
"(,T) — Ay(x,T) in Q.

(in order that E°(w + nf(w),a,T) < E*(w,a,T))

T
0 = — (a/ y' pdt + e *(area(w) — 5area(Q))> v on Ow
0

(15)

(16)

(17)

(18)

10
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DERIVATIVE OF ) WITH RESPECT TO a (1)
Let a”(x) = a(x) + na'(x). Then,
Theorem 3

T
8E(cg,a,T).a1 // aly;a(w,t)pw,a(w,t)dtdx (19)
a wJO ’

Descent direction for a — F(w,a,T)

2
e case g constant = a' = — [ fOT Y pdtde — W.al = — (fw fOT y’pdtdx> <0

® case a non constanton w

2
— al(x) = —fOT Y pdt —> W.al(w) =—/, (fOT y’pdt) dr <0

11
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"TOPOLOGICAL" DERIVATIVE (ANALOGY)

[see Sokolowski (1999), Masmoudi (2001)]

a=0= E(w,na*,T) = E(w,0,T) + nal/

w

T
/ y:u,opw,odtda: + 0(772) (20)
0

Y.s,0 - solution of the conservative case. For  w = D(xq,7) C (),

T
E(D(x0,7),na, T) = E(®,pa", T) + na’ / / YLy oPwodtdz +o(n?), Vo € Q,¥r > 0.
D(xg,r) JO

\ . o

EJ"?(;o)

(21)

— Useful to initialize the gradient algorithm: r > 0 fixed, minimize the function x¢y — f(a:o).

12
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USE OF THE LEVEL SET METHOD FOR THE PROBLEM (P,,)

[Santosa (1996), Wang (2002), Allaire (2002), Burger (2003 ), Burger-Osher (2004) ?]

—> Description of the moving boundary ~ Jw INDEPENDENTLY of the representation of €2, ¢y and p, by the level set

function 1) such that :
Y(x) <0 zcew, Yx)=0 € dw, Y(x)>0 xc\w, (22)
The evolving interface 1" is characterized by - 7 > 0 pseudo-time parameter increasing with time -
Oow(t) = {x(1) € Q,Y(x(7),7) = 0} (23)

After some manipulations, ) solution of the ADVECTION TRANSPORT EQUATION

(O oarpeas DITYI =0 0 9% (0,00),
{ Y(,7=0)=10 in Q (24)
L ¥ =1%0>0 on 902 x (0,00).
ensures the decrease of 7 — E(w(¥(71)),a,T). j© is the integrand of the shape derivative.
aM. Burger, S.J. Osher, A survey on level set methods for inverse problems and optimal design, European Journal of Mathe-

matics, 2005

13
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OPTIMIZATION ALGORITHM (FOR P,,)
The GRADIENT DESCENT algorithm to solve numerically the prob  lem (Pw) may be structured as follows :

1. MESHING ONCE FOR ALL of the fixed domain (2. Initialization of the level-set 1) corresponding to an initial
guess wo
2. ITERATION until convergence, for &k > O:

e CompPUTATION on ) of y(7%) (state problem) and p(7x) (adjoint problem).
e ComPUTATION on 2 of the integrand  ji (y(7%), p(7k),T)

e DEFORMATION of the shape by solving the advection transport equation in 1. The new domain w(7k+1) IS
characterized by the level-set function 1) (Tk41) after a pseudo-time step A7, = ¥(Tp+1) — Y (7k)
starting from the initial condition w(m) with velocity —jz. The pseudo-time step ATy is monitored by a

stability condition.

14




ONERA - 09/2005

NUMERICAL RESOLUTION OF Yw.,a ET DE Py g

IN THE CONTEXT OF STABILIZATION, THERE IS A SERIOUS DIFFICULTY a

IN THE APPROXIMATION OF Yw,a» AN ADDITIONAL VISCOSITY TERM IS NECESSARY IN ORDER TO ENSURE THE

CONVERGENCE OF THE ENERGY

yn (1) — Apyn(t) + any, (t) — KAy (t) = 0 (25)

PROBLEM COMES FROM THE SPURIOUS HIGH FREQUENCY SOLUTIONS (RELATED TO THE SPILL-OVER

PHENOMENA)

Theorem 4 (M.-Pazoto in 2-D (2005)) If yy, is the solution of (25), if is C?, and Ej,(0) — E(0), then
the discrete energy  Fj, (1) is such that

Ey(t) — E(t), when h—0 (26)

In particular, EXPONENTIAL DECAY PROPERTY and NUMERICAL APPROXIMATION commute.

4Zuazua-Tebou (2003), Munch,-Pazoto (2005), Tucsnak (2005 ), ....

15
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LOSS OF UNIFORM CONVERGENCE - ONE 2-D EXAMPLE

Irregular initial conditions (M., Pazoto, 2005):

1 1 1 1

yo(x) = sin(—mx1—)sin (—WCCQE) —sin (wz1 (1 — E))sin (rzo(l—=)) ; wyi(x)=0.

h h

e Without damping function,  E}(t) is

constant no damping

no viscous terms

e Without viscous terms, Ej(t) - E(t)

(the dissipation is lost) § scous terms
e With viscous terms, Ej(t) — E(t) (the
dissipation is restored) 7 |

Figure 1: log (E(t)) vs. t; h = 1/62.

(27)

16
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NUMERICAL APPLICATIONS- (P,) - {2 = UNIT SQUARE

yo(x) = 100sin(wzxq) sin(mxs), yi(x) =0, = (x1,22) € (0, 1)2, a(x) =al,(x) (28)

FOR @ SMALL ENOUGH, AN ANALYTICAL CALCULATION LEADS TO

E(w,a,T) — E(w,0,T) = —afﬂ <2aT — sin(2aT)) / yadr + O(a?) (29)

AND SHOWS THAT THE OPTIMAL POSITION OF W CORRESPONDS TO THE MAXIMUM OF %3, I.E. AT (1/2,1/2)

17




NUMERICAL EXAMPLE - (P,)

yo(x) = 100sin(wz1) sin(mza), yi(x) =0,z = (z1,22) € (0,1)%, a = 10. (30)
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iteration=50 iteration=150 iteration=300 iteration=450
- - - - - - - - 1 - - - - - - - - - 1 - - - - - - - - - 1 - - - - - - - - -
09 09 09
0.8f 0.8 0.8 ,’— ~*~
. .
. .
07t 07} 07} N *
l
06 06 0.6 \
AY
\
o5 st st AN
04 04 04
03 03 03
02 02 02
01f 01f 01f
02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1
iteration=600 iteration=750 iteration=900 iteration=1400
- - - - - - - - 1 - - - - - - - - - 1 - - - - - - - - - 1 - - - - - - - - -
09 09 0o
o8| = 08 Pis T 08} s RS
. N . N
’ . . .
07} N 07} ! N 07} ! J
' ' '
1 1
06F \ 06F 06F \
\
N
05 Sao 05 05
0.4 04 0.4
03 03 03
02 02 02
01f 01f 01f
02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figue2: T=1.,a=10.-{x € Q,¢Y(x) =0} vs. k

18
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NUMERICAL EXAMPLE - (P,)

yo(x) = 100sin(mz1) sin(mzz), yi(x) =0, = (z1,22) € (0,1)?, a = 10.

8000

0.112 -
7000 -

0111
6000 -

0.108 -
5000 -

0.106 -
4000 -

0.104 -
3000

20001 0.102

0.1

1000 -

0 ! ! ! ! ! ! ! ! 0.098

Figure 3: T =1 - Evolution of FE(wy, a,T) (left) and area( wy)(right) vs. k- h = 1/151.

area(wy) ~ 0.1

900

(31)

19
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NUMERICAL EXAMPLE -

w)

iteration=40 iteration=150 iteration=300 iteration=450
1 1 1 1
09 09 o9f o9f
e Re R S, - S . ~.
08 08 ' 08| ' \ f N 08 \ f N
\ ' ] \ [} ' \
/ / ; /
L L \
07 07 , 07 , 07 . ,
-’ Se -7 Se _»’
06 06 06l 06l
05 05 o5} 05}
04 04 04f 04f
e Y Pl N
. . . .
03 03 03f ‘ 03 ‘ »
\ ' \
1 N ! v \ !
0.2 0.2 ’ 0.2} ’ 1, 0.2t \ \ 1,
—” S —” e ‘\s - \“_ e
01 01 01} 01}
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
iteration=600 iteration=750 iteration=900 iteration=1200
1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T
09 09 osf osf
PR JEEEN e~ JEEEN .-
‘. \ . N ‘.
08 \ 08 08| ' \ ' \ 08} '
\ ' ' ' \ ]
i v ! v
07 ) 07 o7} v . 07} v
- \\~ —’, - \\~
06 06 06f 06f
05 05 05} o5}
04 04 04f 04f
g kS Lo PRI -
’ A ,’ A ’
03 ‘ 03 03f ' \ B \ 03f '
N 1 ' 1 . 1
! \ ! \
02 ) 02 02} \ ’ 02} \
N - N P S P _ A
01 01 01f 01f
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figure 4. wp composed of four parts : invariance.
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9000

8000

7000

6000 -

5000

4000 -

3000

2000

1000 -

NUMERICAL EXAMPLE - (P,)

yo(x) = 100sin(wz1) sin(mzz), vi(x) =0, = (z1,22) € (0,1)%, a = 10.

0.18

0.17
0.16 |
0.15
0.14 |

0.13

0.12 b
0.11F b

1 1 1 1 1 01 1 1 1 1 1
200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

Figure 5: T" = 1 - Evolution of F(wp, a,T’) (left) and area( wg)(right) vs. k-h = 1/151.

(32)

21
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yo(x) = 100sin(27x1) sin(wzz), yi(x) =0 (33)

ONCE AGAIN, FOR @ SMALL ENOUGH, THE OPTI-

MAL POSITION IS RELATED TO THE MAXIMA OF yg

CONSEQUENTLY, THE OPTIMAL POSITION IS COM-

POSED OF TWO PARTS CENTERED ON (1/4,1/2)
AND (3/4,1/2).

\
AR\
AT

////////,:':én
(

2

Figure 6: (yo(x))

E(w,a,T) — E(w,0,T) = —a4 om (2\/ng — sin(2\/57rT)) /(yg(:c))zdx +0(a®), VT >0, (34)

w

22
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NUMERICAL EXAMPLE - (P,)

yo(x) = 100sin(27zy) sin(wzz), wi(x) =0, = (z1,22) € (0,1)°, a = 10.

iteration=100 iteration=250 iteration=400 iteration=550
1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T
09F 09 09 09F
0.8 = X 0.8 0.8 0.8
07t 07t 07t 07t
06 06 06 06
05F 05 05 05
04 04 04 04
03f 03f 03f 03f
02 02 02 02
01 01 01 01
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
iteration=700 iteration=850 iteration=1000 iteration=1800
1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T 1 T T T T T T T T T
09f 09f 09f 09f
o8| o8| = o8| e RN o8| . RN
. . . .
.’ . .’ .
07} 07} ' 07} ! ' 07} ! '
[ ' [ ' [ '
1 1 1 1 1 1
06F 06F \ ! 06F \ 06F \
AY ’ \
‘.
.
o5t o5t e o5t o5t
0.4f 04f 04f 04f
03 03 03 03
02 02 02 02
01f 01f 01f 01f
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1

Figue7: T=1.,a=10.-{x € Q,¢Y(x) =0} vs. k

(35)
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NUMERICAL EXAMPLE - (

(36)

z1,22) € (0,1)%, a=10.

(
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iteration=2000

NUMERICAL EXAMPLE - (P,) - DEPENDENCE IN T’

iteration=2000 iteration=1500 iteration=2000
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Figure 9: (yo, Y1)
of {33 e QY (.’B

(300x1x2(x1 — 1) (22 — 1) cos(bmxy(x2 — 1)) sin(2mx122),0), a = 10.

) = 0} for several wy.-T =1 (Top)et T = 2 (Bottom).

“limit”
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(P.,) - DEPENDENCE WITH RESPECT TO 1" AND wy - ENERGY

T ﬁwozl ﬁ(x)ozg jjw0:25 jjw0:49
1 | 502.64 261.88 256.86 249.10
2 | 322.88 117.99 96.53 88.17

Table 1: Value of the cost function F(w,a = 10.,7T) for different initialization ~ wg - §wp: number of

disjoint parts of wy

Remark 2 e The minimum is obtained for wg composed of the highest number of disjoint parts.

e Dependence with respect to the initialization wo due to the multiplicity of the local minima.
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PrROBLEM (P,) - w = pisc(r = /0.1/m,(1/2,1/2))

25 80

; E=271.78
70+ . E=243.45 i
; E=235.94
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Figure 10: Over-damping  phenomena - |[Figure 11: Optimization of a(x) - ag(x1,x2 = 1/2)
E(w,a,T=1)vs. a VS, T
B 0,7) = Blora, T) % O(a=0T),a 55 1. [ematk3 [, a(@)ia/ [, ds =
Aopt = 15.338 - E(w, Gopt, 1) ~ 439.592

Remark 4 For w = disc (r = 1/0.1/m, (0.35,0.35)), aopt = 24.89 and F(w, aopt, T = 1) = 4916.93
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BACK ON PROBLEM (P,) wiTH a = 24.89 (INsTEAD oF a = 10.)
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PROBLEM (P, 4)

(y0,y1) = (100 sin(7x1) sin(wz2), 0),

iteration=2100
T T T

2217

T

=1 (37)

21F

20

19r

18-

171

16

15[

14H

13

12

11 L

I
0.1

I I I I I I I I
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 200

Figure 12: lim Owy,

1
400

1
600

1 1 1 1 1
800 1000 1200 1400 1600 1800 2000 2200

Figure 13: aj (constanton wy) vs. iteration k

a2000 ~ 19.51, E(w2000, a2000, 1 = ].) ~ 140.12 (38)
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PROBLEM (P, 4)

(y0,vy1) = (100 sin(7z1) sin(wz2),0), T =1 (39)
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I I I I I I I I I 104 1 1 1 1 1 1 1 1 1 1
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Figure 14: lim Owy, Figure 15: aj (constanton wy) vs. iteration k

a2000 ~ 29.098, E(wgooo, a2000, 1 = 1) ~ 12.41 (40)
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PROBLEM (P,) - SINGULAR INITIAL CONDITIONS

40 (w1,22) € (3, 2)?

Yo(x) = ; yi(x) =0; (41)
0  elsewhere
1 raaionstn 1 feione1onn
sl ool
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Figure 16: Singular case. T = 1, a = 24.89 - “limit’ in k& of the zero-level set sequence {x €

Q, @Dk (CU) =

0} - left: without viscosity terms  F(w, a,T) = 2768.70 - right: with viscosity terms

BE(w,a,T) = 1487.23.
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BOUNDARY STABILIZATION

yiy’ﬂ(:c,t) — Ayy o(x,t) =0 in Q=Qx(0,T),
Yny.a(x,t) =0 on v x (0,7),
¢ Vyyalx,t)r=0 on v x (0,7), (42)
Vyyalz,t). v =—a(x)y (x,t) on v x (0,7),
Yv,a(@,0) = yo(x), v q(x,0) =yi(z) in €

\

Proposition 5 (Dissipation law) a(x) = aly(x), a > 0;

E'(v,a,t) = _/ a(@)ly, (2, 1) Pdo = —a/ ! JPdo <0, V>0, 43)
oN Y

Problem 4 (P5): Optimal position of v C 9\ minimizing E(v,a,T).
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PROBLEM (P,) - BOUNDARY CASE
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Figure 17: (yo,y1) = (130sin(wzq)sin(mx2/2),0), T = 2, a = 1. - Limit of ¢ on v C 02 -
h = 1/151 for different initialization ). Top left: g(x1) = 0.9 — sin(9mx)?- Top right : g(x1) =

0.9 — sin(mrz?)?
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PROBLEM (P.) - BOUNDARY CASE
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Figure 18: (yo,y1) = (130sin(mwzy)sin(mxs/2),0), T = 2, a = 1. - Evolution of the zero level set
{x € 02\, Yr(x)} = 0 with respectto k-h = 1/151.
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CONCLUSIONS - OPEN PROBLEMS

A few remarks :
® LEVEL SET METHOD IS WELL SUITED AND EASY TO CARRY OUT
® GRADIENT DESCENT METHOD WORKS BUT LEADS TO LOCAL MINIMA

® FIRST ORDER GRADIENT METHODS MAY BE REPLACED BY SECOND ORDER NEWTON TYPE METHODS, LESS EXPANSIVE

IN CPU TIME

® NUMERICAL SIMULATIONS LEADS TO NON-INTUITIVE RESULTS. EVEN FOR SYMMETRICAL INITIAL CONDITIONS AND
SYMMETRIC GEOMETRIES, THE OPTIMAL POSITION IS NOT NECESSARY SYMMETRICAL AND DEPENDS OF a. THIS IS

DUE TO OVER-DAMPING PHENOMENA AND IS GENERIC FOR ALL SYSTEMS
Extensions -
® EXTEND TO THE ELASTICITY SYSTEM WITH PIEZO DEVICE.
® CONSIDER THE CASE WHERE THE POSITION OF THE DISSIPATIVE ZONE W DEPENDS ON THE TIME t &€ (O, T) !

® CONSIDER THE EXACT CONTROLLABILITY VERSION : FIND THE OPTIMAL POSITION OF AN EXACT CONTROL IN ORDER

TO MINIMIZE ITS NORM.
ming||Ve|| L2 wx (0,1)) (44)

where v, is the HUM-control locate on  w.
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